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ÈÄÌÉÓ ÀØÔÖÀËÏÁÀ. ×ÖÍØÝÉÉÓ ÀÍÀËÉÆÖÒ ÈÅÉÓÄÁÄÁÆÄ ÝÅËÀÃÉÓ
ÂÀÒÃÀØÌÍÉÓ ÆÄÂÀÅËÄÍÉÓ ÛÄÓßÀÅËÀ äÀÒÌÏÍÉÖËÉ ÀÍÀËÉÆÉÓ ÄÒ-
ÈÄÒÈÉ ÌÍÉÛÅÍÄËÏÅÀÍÉ ÀÌÏÝÀÍÀÀ. ÀÌ ÌÉÌÀÒÈÖËÄÁÉÈ ÊÅËÄÅÉÓ
ÓÀÂÀÍÉ ÉÚÏ ÛÄÌÃÄÂÉ ÏÒÉ ÞÉÒÉÈÀÃÉ ÓÀÊÉÈáÉ: 1) ÛÄÓÀÞËÄÁÄËÉÀ
ÈÖ ÀÒÀ ×ÖÍØÝÉÉÓ ÀÌÀÈÖÉÌ ÀÍÀËÉÆÖÒÉ ÈÅÉÓÄÁÉÓ ÌÉÙßÄÅÀ ÌÏ-
ÝÄÌÖËÉ ÔÉÐÉÓ ÝÅËÀÃÉÓ ÂÀÒÃÀØÌÍÉÓ ÌÄÛÅÄÏÁÉÈ? 2) ÒÏÂÏÒÉ
ÝÅËÀÃÉÓ ÂÀÒÃÀØÌÍÄÁÉÓ ÌÉÌÀÒÈ ÉÍÀÒÜÖÍÄÁÓ ×ÖÍØÝÉÀ ÀÌÀÈÖÉÌ
ÀÍÀËÉÆÖÒ ÈÅÉÓÄÁÀÓ?
ÀÙÍÉÛÍÖË ÀÌÏÝÀÍÄÁÈÀÍ ÃÀÊÀÅÛÉÒÄÁÉÈ, ÉÌ ÛÄÌÈáÅÄÅÀÛÉ, ÒÏÝÀ

×ÖÍØÝÉÉÓ ÀÍÀËÉÆÖÒÉ ÈÅÉÓÄÁÉÓ ÒÏËÛÉ ÀÉÙÄÁÀ ×ÖÒÉÄÓ ÔÒÉÂÏ-
ÍÏÌÄÔÒÉÖËÉ ÌßÊÒÉÅÉÓ ÈÀÍÀÁÀÒÉ ÀÍ ÀÁÓÏËÖÔÖÒÉ ÊÒÄÁÀÃÏÁÀ,
áÏËÏ ÝÅËÀÃÉÓ ÂÀÒÃÀØÌÍÄÁÀÃ ÂÀÍÉáÉËÄÁÀ ÔÏÒÉÓ äÏÌÄÏÌÏÒ-
×ÉÆÌÄÁÉ, ÌÉÙÄÁÖËÉÀ ä. ÁÏÒÉÓ, À. ÁÄÒËÉÍÂÉÓÀ ÃÀ ä. äÄËÓÏÍÉÓ,
À. ÏËÄÅÓÊÉÓ, Ñ.-Ð. ÊÀäÀÍÉÓÀ ÃÀ É. ÊÀÝÍÄËÓÏÍÉÓ, À. ÓÀÀÊÉÀÍÉÓ,
Ö. ãÖÒÊÀÓÀ ÃÀ Ã. ÖÏÔÄÒÌÀÍÉÓ, À. ÁÀÄÒÛÔÀÉÍÉÓÀ ÃÀ Ã. ÖÏÔÄ-
ÒÌÀÍÉÓ ÌÍÉÛÅÍÄËÏÅÀÍÉ ÛÄÃÄÂÄÁÉ. ×ÖÍØÝÉÉÓ ÃÉ×ÄÒÄÍÝÉÀËÖÒÉ
ÈÅÉÓÄÁÄÁÉÓ ÌÉÙßÄÅÀÃÏÁÀ ÃÀ ÛÄÍÀÒÜÖÍÄÁÀ äÏÌÄÏÌÏÒ×ÉÆÌÉÓ ÌÏ-
ØÌÄÃÄÁÉÓÀÓ ÛÄÉÓßÀÅËÄÁÏÃÀ Ä. ÁÒÖÊÍÄÒÉÓÀ ÃÀ Ê. äÏ×ÌÀÍÉÓ,
Ì. ËÀÛÊÏÅÉÜÉÓÀ ÃÀ Ã. ÐÒÀÉÓÉÓ ÛÒÏÌÄÁÛÉ. ÆÄÌÏÀÙÍÉÛÍÖËÉ ÛÄ-
ÃÄÂÄÁÉ ÂÀÃÌÏÝÄÌÖËÉÀ À.ÏËÄÅÓÊÉÓ [11] ÌÉÌÏáÉËÅÉÈ ÍÀÛÒÏÌÛÉ
ÃÀ Ê. äÏ×ÌÀÍÉÓ, Ô. ÍÉÛÉÖÒÀÓÀ ÃÀ Ã. ÖÏÔÄÒÌÀÍÉÓ [4] ÌÏÍÏÂÒÀ-
×ÉÀÛÉ.
ÌÒÀÅÀËÉ ÝÅËÀÃÉÓ ãÀÌÄÁÀÃÉ ×ÖÍØÝÉÉÓ ÈÅÉÓÄÁÄÁÆÄ ÓÀÊÏ-

ÏÒÃÉÍÀÔÏ ÙÄÒÞÄÁÉÓ ÛÄÒÜÄÅÉÓ (ÀÍÖ ÝÅËÀÃÉÓ ÉÌ ÂÀÒÃÀØÌÍÉÓ,
ÒÏÌÄËÉÝ ÌÃÂÏÌÀÒÄÏÁÓ ÌÏÁÒÖÍÄÁÀÛÉ) ÆÄÂÀÅËÄÍÉÓ ÊÅËÄÅÀ ÉÍÉ-
ÝÉÒÄÁÖËÉ ÉÚÏ À. ÆÉÂÌÖÍÃÉÓ ÌÉÄÒ, ÊÄÒÞÏÃ, ÌÉÓ ÌÉÄÒ ÃÀÓÌÖËÉ
ÐÒÏÁËÄÌÉÈ ÌÏÁÒÖÍÄÁÉÓ ÌÄÛÅÄÏÁÉÈ ÞËÉÄÒÀÃ ÃÉ×ÄÒÄÍÝÉÒÄÁÀ-
ÃÏÁÉÓ ÌÉÙßÄÅÀÃÏÁÉÓ ÛÄÓÀáÄÁ. ÌÏÁÒÖÍÄÁÉÓ ÛÄÌÈáÅÄÅÀÛÉ ÞËÉ-
ÄÒÉ ÉÍÔÄÂÒÀËÖÒÉ ÓÀÛÖÀËÏÄÁÉÓ ÊÒÄÁÀÃÏÁÉÓ, ×ÖÒÉÄÓ ãÄÒÀÃÉ
ÌßÊÒÉÅÉÓÀ ÃÀ ÉÍÔÄÂÒÀËÉÓ ÐÒÉÍÓäÀÉÌÉÓ ÀÆÒÉÈ ÊÒÄÁÀÃÏÁÉÓÀ
ÃÀ ÓáÅÀÃÀÓáÅÀ ÀÆÒÉÈ ÓÀÓÒÖËÉ ÅÀÒÉÀÝÉÉÓ ÊËÀÓÉÓÀÃÌÉ ÌÉ-
ÊÖÈÅÍÄÁÉÓ ÈÅÉÓÄÁÄÁÉÓ ÌÉÙßÄÅÀÃÏÁÉÓÀ ÃÀ ÛÄÍÀÒÜÖÍÄÁÉÓ ÀÌÏ-
ÝÀÍÄÁÉ ÛÄÉÓßÀÅËÄÁÏÃÀ ã. ÌÀÒÓÔÒÀÍÃÉÓ, Á. ËÏÐÄÓ-ÌÄËÄÒÏÓ,
À. ÓÔÏÊÏËÏÓÉÓ, Â.Â. ÏÍÉÀÍÉÓ, Â. ËÄ×ÓÅÄÒÉÞÉÓ, Â. ÊÀÒÀÂÖËÉ-
ÀÍÉÓ, Ì. ÃÉÀÜÄÍÊÏÓÀ ÃÀ Ï. ÃÒÀÂÏÛÀÍÓÊÉÓ ÛÒÏÌÄÁÛÉ.
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ÃÉÓÄÒÔÀÝÉÉÓ ÌÉÆÀÍÉ. ÌÏÁÒÖÍÄÁÉÓ (Ä.É. ÓÀÊÏÏÒÃÉÍÀÔÏ ÙÄÒÞÄ-
ÁÉÓ ÛÄÒÜÄÅÉÓ) ÌÄÛÅÄÏÁÉÈ ÉÍÔÄÂÒÀËÉÓ ÃÉ×ÄÒÄÍÝÉÒÄÁÀÃÏÁÉÓ
ÌÉÙßÄÅÀÃÏÁÉÓ ÛÄÓÀáÄÁ ÆÉÂÌÖÍÃÉÓ ÀÌÏÝÀÍÉÓ ÛÄÓßÀÅËÀ ÁÀÆÉÓ-
ÈÀ ÆÏÂÀÃÉ ÊËÀÓÄÁÉÓÀÈÅÉÓ; ÌÏÁÒÖÍÄÁÉÓÀÓ ÉÍÔÄÂÒÀËÉÓ ÃÉ×Ä-
ÒÄÍÝÉÒÄÁÀÃÏÁÉÓ ÈÅÉÓÄÁÉÓ ÛÄÍÀÒÜÖÍÄÁÉÓ ÓÀÊÉÈáÉÓ ÂÀÌÏÊÅËÄÅÀ
ÌÒÀÅÀË-ÂÀÍÆÏÌÉËÄÁÉÀÍÉ ÉÍÔÄÒÅÀËÄÁÉÓÀÂÀÍ ÛÄÃÂÄÍÉËÉ ÞÅÒÉÓ
ÌÉÌÀÒÈ ÉÍÅÀÒÉÀÍÔÖËÉ ÁÀÆÉÓÄÁÉÓÀÈÅÉÓ; ÉÌ ÂÀÍÓÀÊÖÈÒÄÁÖËÏÁÄ-
ÁÉÓ ÛÄÓßÀÅËÀ, ÒÏÌÄËÉÝ ÛÄÉÞËÄÁÀ äØÏÍÃÄÓ ×ÉØÓÉÒÄÁÖË ×Ö-
ÍØÝÉÀÓ ÓÀÊÏÏÒÃÉÍÀÔÏ ÙÄÒÞÄÁÉÓ ÓáÅÀÃÀáÅÀ ÛÄÒÜÄÅÉÓÀÓ, ÌÏÝÄ-
ÌÖËÉ ÁÀÆÉÓÉÓ ÌÉÌÀÒÈ ÉÍÔÄÂÒÀËÉÓ ÃÉ×ÄÒÄÍÝÉÒÄÁÀÃÏÁÉÓ ÈÅÀ-
ËÓÀÆÒÉÓÉÈ; ËÄÁÄÂ-ÓÔÉËÔÉÄÓÉÓ ÓÉÍÂÖËÀÒÖËÉ ÆÏÌÄÁÉÓ ÃÉ-
×ÄÒÄÍÝÉÀËÖÒÉ ÈÅÉÓÄÁÄÁÉÓ ÛÄÓßÀÅËÀ.

ÌÄÝÍÉÄÒÖËÉ ÓÉÀáËÄ.

1) äÏÌÏÈÄÔÉÉÓ ÌÉÌÀÒÈ ÉÍÅÀÒÉÀÍÔÖËÉ ÁÖÆÄÌÀÍ-×ÄËÄÒÉÓ
ÁÀÆÉÓÄÁÉÓ ÊËÀÓÉÓÀÈÅÉÓ ÌÏÝÄÌÖËÉÀ À. ÆÉÂÌÖÍÃÉÓ ÀÌÏ-
ÝÀÍÉÓ ÂÀÃÀßÚÅÄÔÀ, ÊÄÒÞÏÃ, ÃÀÃÂÄÍÉËÉÀ, ÒÏÌ ÈÖ ÀÙÍÉÛ-
ÍÖËÉ ÔÉÐÉÓ ÁÀÆÉÓÉ ÀÒÀÓÔÀÍÃÀÒÔÖËÉÀ ÉÌ ÂÀÂÄÁÉÈ, ÒÏÌ
ÀÒ ÀÃÉ×ÄÒÄÍÝÉÒÄÁÓ ÒÀÉÌÄ ãÀÌÄÁÀÃÉ ×ÖÍØÝÉÉÓ ÉÍÔÄÂ-
ÒÀËÓ, ÌÀÛÉÍ ÌÏÉÞÄÁÍÄÁÀ ×ÖÍØÝÉÀ, ÒÏÌËÉÓ ÉÍÔÄÂÒÀËÉÓ
ÃÉ×ÄÒÄÍÝÉÒÄÁÀÃÏÁÀ ÌÉÖÙßÄÅÄËÉÀ ÌÏÁÒÖÍÄÁÄÁÉÓ ÌÄÛÅÄ-
ÏÁÉÈ;

2) ÌÒÀÅÀËÂÀÍÆÏÌÉËÄÁÉÀÍÉ ÉÍÔÄÒÅÀËÄÁÉÓÀÂÀÍ ÛÄÃÂÄÍÉËÉ
ÞÅÒÉÓ ÌÉÌÀÒÈ ÉÍÅÀÒÉÀÍÔÖËÉ ÍÄÁÉÓÌÉÄÒÉ ÀÒÀÓÔÀÍÃÀÒ-
ÔÖËÉ ÁÀÆÉÓÉÓÀÈÅÉÓ ÃÀÃÂÄÍÉËÉÀ, ÒÏÌ ÌÏÁÒÖÍÄÁÉÓÀÓ
ÉÍÔÄÂÒÀËÉÓ ÃÉ×ÄÒÄÍÝÉÒÄÁÀÃÏÁÉÓ ÈÅÉÓÄÁÀ ÓÀÆÏÂÀÃÏÃ
ÀÒ ÍÀÒÜÖÍÃÄÁÀ;

3) ÛÄÌÏÙÄÁÖËÉÀ ÓÉÍÂÖËÀÒÖË ÌÏÁÒÖÍÄÁÀÈÀ ÓÉÌÒÀÅËÄÄÁÉ.
ÄÓ ÓÉÌÒÀÅËÄÄÁÉ ÀÓÀáÀÅÄÍ ÉÌ ÂÀÍÓÀÊÖÈÒÄÁÖËÏÁÄÁÓ, ÒÏ-
ÌËÄÁÉÝ ÛÄÉÞËÄÁÀ äØÏÍÃÄÓ ×ÉØÓÉÒÄÁÖË ×ÖÍØÝÉÀÓ ÓÀ-
ÊÏÏÒÃÉÍÀÔÏ ÙÄÒÞÄÁÉÓ ÓáÅÀÃÀáÅÀ ÛÄÒÜÄÅÉÓÀÓ, ÌÏÝÄÌÖ-
ËÉ ÁÀÆÉÓÉÓ ÌÉÌÀÒÈ ÉÍÔÄÂÒÀËÉÓ ÃÉ×ÄÒÄÍÝÉÒÄÁÀÃÏÁÉÓ
ÈÅÀËÓÀÆÒÉÓÉÈ. ÃÀÃÂÄÍÉËÉÀ ÓÉÍÂÖËÀÒÖË ÌÏÁÒÖÍÄÁÀ-
ÈÀ ÓÉÌÒÀÅËÄÄÁÉÓ ÔÏÐÏËÏÂÉÖÒÉ ÓÔÒÖØÔÖÒÀ.
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4) ÏÒÂÀÍÆÏÌÉËÄÁÉÀÍÉ ÉÍÔÄÒÅÀËÄÁÉÓÀÂÀÍ ÛÄÃÂÄÍÉËÉ ÞÅ-
ÒÉÓ ÌÉÌÀÒÈ ÉÍÅÀÒÉÀÍÔÖËÉ ÍÄÁÉÓÌÉÄÒÉ ÀÒÀÓÔÀÍÃÀÒÔÖ-
ËÉ ÓÉÌÄÔÒÉÖËÉ ÁÀÆÉÓÉÓÀÈÅÉÓ ÃÀáÀÓÉÀÈÄÁÖËÉÀ ÀÒÀ-
ÖÌÄÔÄÓ ÈÅËÀÃÉ ÓÉÍÂÖËÀÒÖË ÌÏÁÒÖÍÄÁÀÈÀ ÓÉÌÒÀÅËÄ-
ÄÁÉ;

5) ÏÒÂÀÍÆÏÌÉËÄÁÉÀÍÉ ÉÍÔÄÒÅÀËÄÁÉÓÀÂÀÍ ÛÄÃÂÄÍÉËÉ äÏ-
ÌÏÈÄÔÉÉÓ ÌÉÌÀÒÈ ÉÍÅÀÒÉÀÍÔÖËÉ ÃÀ ÁÖÆÄÌÀÍ-×ÄËÄÒÉÓ
ÍÄÁÉÓÌÉÄÒÉ ÀÒÀÓÔÀÍÃÀÒÔÖËÉ ÓÉÌÄÔÒÉÖËÉ ÁÀÆÉÓÉÓÀÈ-
ÅÉÓ ÌÏÝÄÌÖËÉÀ ÓÉÍÂÖËÀÒÖË ÌÏÁÒÖÍÄÁÀÈÀ ÓÉÌÒÀÅËÄ-
ÄÁÉÓ ÓÒÖËÉ ÃÀáÀÓÉÀÈÄÁÀ;

6) ÃÀÃÂÄÍÉËÉÀ, ÒÏÌ ÓÉÍÂÖËÀÒÖË ËÄÁÄÂ-ÓÔÉËÔÉÄÓÉÓ ÆÏ-
ÌÄÁÓ ÀÒÀ ÀØÅÈ ÓÀÛÖÀËÏÄÁÉÓ ÈÉÈØÌÉÓ ÚÅÄËÂÀÍ ÍÖËÉÓÀ-
ÊÄÍ ÊÒÄÁÀÃÏÁÉÓ ÈÅÉÓÄÁÀ ÀÒÝ ÄÒÈÉ ÞÅÒÉÓ ÌÉÌÀÒÈ ÉÍÅÀ-
ÒÉÀÍÔÖËÉ ÀÒÀÓÔÀÍÃÀÒÔÖËÉ ÁÀÆÉÓÉÓÀÈÅÉÓ.

ÍÀÛÒÏÌÉÓ ÀÐÒÏÁÀÝÉÀ. ÃÉÓÄÒÔÀÝÉÉÓ ÛÄÃÄÂÄÁÉ ÌÏáÓÄÍÄÁÖËÉ ÉØ-
ÍÀ ÀÊÀÊÉ ßÄÒÄÈËÉÓ ÓÀáÄËÌßÉ×Ï ÖÍÉÅÄÒÓÉÔÄÔÉÓ ÌÀÈÄÌÀÔÉÊÉÓ
ÃÄÐÀÒÔÀÌÄÍÔÉÓ ÓÀÌÄÝÍÉÄÒÏ ÓÄÌÉÍÀÒÆÄ (áÄËÌÞÙÅÀÍÄËÉ - ÐÒÏ×.
Â.Â. ÏÍÉÀÍÉ), ÓÀØÀÒÈÅÄËÏÓ ÌÀÈÄÌÀÔÉÊÏÓÈÀ ÊÀÅÛÉÒÉÓ V ÓÀÄÒ-
ÈÀÛÏÒÉÓÏ ÊÏÍ×ÄÒÄÍÝÉÀÆÄ (ÁÀÈÖÌÉ, 2014, 8-12 ÓÄØÔÄÌÁÄÒÉ),
ÓÀØÀÒÈÅÄËÏÓ ÌÀÈÄÌÀÔÉÊÏÓÈÀ ÊÀÅÛÉÒÉÓ VI ÓÀÄÒÈÀÛÏÒÉÓÏ ÊÏ-
Í×ÄÒÄÍÝÉÀÆÄ (ÁÀÈÖÌÉ, 2015, 12-16 ÉÅËÉÓÉ), ØÀÒÈÖË-ÛÅÄÃÖÒ
ÊÏÍ×ÄÒÄÍÝÉÀÆÄ - "ÀÍÀËÉÆÉ ÃÀ ÃÉÍÀÌÉÊÖÒÉ ÓÉÔÄÌÄÁÉ" (ÈÁÉËÉ-
ÓÉ, 2015, 15-22 ÉÅËÉÓÉ), ÀÊÀÃÄÌÉÊÏÓ Ó.Ì. ÍÉÊÏËÓÊÉÓ 110 ßËÉ-
ÓÈÀÅÉÓÀÃÌÉ ÌÉÞÙÅÍÉË ÓÀÄÒÈÀÛÏÒÉÓÏ ÊÏÍ×ÄÒÄÍÝÉÀÆÄ - "×ÖÍØ-
ÝÉÖÒÉ ÓÉÅÒÝÄÄÁÉ ÃÀ ×ÖÍØÝÉÀÈÀ ÌÉÀáËÏÄÁÉÓ ÈÄÏÒÉÀ " (ÌÏÓ-
ÊÏÅÉ, ÒÖÓÄÈÉ, 2015, 25-29 ÌÀÉÓÉ) ÃÀ ÐÒÏ×. Å.À. ÓÊÅÏÒÝÏÅÉÓ 80
ßËÉÓ ÉÖÁÉËÄÓÀÃÌÉ ÌÉÞÙÅÍÉË ÓÀÄÒÈÀÛÏÒÉÓÏ ÊÏÍ×ÄÒÄÍÝÉÀÆÄ
- "äÀÒÌÏÍÉÖËÉ ÀÍÀËÉÆÉ ÃÀ ÉÍÔÄÂÒÀËÉÓ ÈÄÏÒÉÀ " (ÌÏÓÊÏÅÉ,
ÒÖÓÄÈÉ, 2015, 23-24 ÓÄØÔÄÌÁÄÒÉ).

ÐÖÁËÉÊÀÝÉÀ. ÃÉÓÄÒÔÀÝÉÉÓ ÈÄÌÀÆÄ ÂÀÌÏØÅÄÚÄÁÖËÉÀ ÄØÅÓÉ ÍÀÛ-
ÒÏÌÉ, ÒÏÌÄËÈÀ ÜÀÌÏÍÀÈÅÀËÉ ÌÏÝÄÌÖËÉÀ ÀÅÔÏÒÄ×ÄÒÀÔÉÓ ÁÏ-
ËÏÓ.
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ÃÉÓÄÒÔÀÝÉÉÓ ÌÏÝÖËÏÁÀ ÃÀ ÓÔÒÖØÔÖÒÀ. ÃÉÓÄÒÔÀÝÉÉÓ ÌÏÝÖ-
ËÏÁÀ 80 ÂÅÄÒÃÉÀ. ÃÉÓÄÒÔÀÝÉÀ ÛÄÃÂÄÁÀ ÛÄÓÀÅËÉÓ, ÄØÅÓÉ ÐÀ-
ÒÀÂÒÀ×ÉÓÀ ÃÀ ÂÀÌÏÚÄÍÄÁÖËÉ ËÉÔÄÒÀÔÖÒÉÓ ÜÀÌÏÍÀÈÅÀËÉÓÀÂÀÍ.
ÁÉÁËÉÏÂÒÀ×ÉÀ ßÀÒÌÏÃÂÄÍÉËÉÀ 32 ÃÀÓÀáÄËÄÁÉÈ.

ÃÉÓÄÒÔÀÝÉÉÓ ÛÉÍÀÀÒÓÉ

ÛÄÌÏÅÉÙÏÈ ÆÏÂÉÄÒÈÉ ÂÀÍÓÀÆÙÅÒÄÁÀ ÃÀ ÂÀÅÉáÓÄÍÏÈ ÆÏÂÉ-
ÄÒÈÉ ÛÄÃÄÂÉ ÉÍÔÄÂÒÀËÈÀ ÃÉ×ÄÒÄÍÝÉÒÄÁÉÓ ÈÄÏÒÉÉÃÀÍ.

Rn ÓÉÅÒÝÄÆÄ ÂÀÍÓÀÆÙÅÒÖË B ÀÓÀáÅÀÓ ÄßÏÃÄÁÀ ÃÉ×ÄÒÄ-
ÍÝÉÒÄÁÉÓ ÁÀÆÉÓÉ, ÈÖ ÚÏÅÄËÉ x ∈ Rn-ÓÈÅÉÓ B(x) ÀÒÉÓ x-ÉÓ
ÛÄÌÝÅÄËÉ ÛÄÌÏÓÀÆÙÅÒÖËÉ, ÆÏÌÀÃÉ ÃÀ ÃÀÃÄÁÉÈÉ ÆÏÌÉÓ ÌØÏÍÄ
ÓÉÌÒÀÅËÄÈÀ ÏãÀáÉ ÉÓÄÈÉ, ÒÏÌ ÌÏÉÞÄÁÍÄÁÀ Rk ∈ B(x) (k ∈ N)
ÌÉÌÃÄÅÒÏÁÀ ÈÅÉÓÄÁÉÈ: lim

k→∞
diamRk = 0.

f ∈ L(Rn) ×ÖÍØÝÉÉÓÈÅÉÓ

DB

(∫
f, x

)
= lim

R∈B(x)
diamR→0

1

|R|

∫
R
f ÃÀ D B

(∫
f, x

)
= lim

R∈B(x)
diamR→0

1

|R|

∫
R
f

ÒÉÝáÅÄÁÓ ÄßÏÃÄÁÀÈ f ×ÖÍØÝÉÉÓ ÉÍÔÄÂÒÀËÉÓ ÆÄÃÀ ÃÀ ØÅÄÃÀ
ßÀÒÌÏÄÁÖËÉ x ßÄÒÔÉËÛÉ. ÈÖ ÆÄÃÀ ÃÀ ØÅÄÃÀ ßÀÒÌÏÄÁÖËÄÁÉ
ÄÒÈÌÀÍÄÈÉÓ ÔÏËÉÀ, ÌÀÛÉÍ ÌÀÈ ÓÀÄÒÈÏ ÌÍÉÛÅÍÄËÏÁÀÓ ÄßÏÃÄÁÀ
f-ÉÓ ÉÍÔÄÂÒÀËÉÓ ßÀÒÌÏÄÁÖËÉ x ßÄÒÔÉËÛÉ ÃÀ ÀÙÉÍÉÛÍÄÁÀ
DB(

∫
f, x)-ÉÈ. ÅÉÔÚÅÉÈ, ÒÏÌ B ÁÀÆÉÓÉ ÀÃÉ×ÄÒÄÍÝÉÒÄÁÓ

∫
f-Ó,

ÈÖ DB(
∫
f, x) = D B(

∫
f, x) = f(x) È.Ú. x ∈ Rn-ÓÈÅÉÓ. ÈÖ ÄÓ

ÖÊÀÍÀÓÊÍÄËÉ ÓÉÌÀÒÈËÉÀ X ÊËÀÓÉÓ ÚÏÅÄËÉ f ×ÖÍØÝÉÉÓÈÅÉÓ,
ÌÀÛÉÍ ÅÉÔÚÅÉÈ, ÒÏÌ B ÀÃÉ×ÄÒÄÍÝÉÒÄÁÓ X ÊËÀÓÓ.
ÂÀÍÅÓÀÆÙÅÒÏÈ Q = Q(Rn), I = I(Rn) ÃÀ P = P(Rn) ÁÀÆÉÓÄÁÉ,

ÒÏÌÄËÈÀÈÅÉÓÀÝ:

• Q(x) (x ∈ Rn) ÛÄÃÂÄÁÀ x-ÉÓ ÛÄÌÝÅÄËÉ ÚÅÄËÀ n-ÂÀÍÆÏÌÉËÄ-
ÁÉÀÍÉ ÙÉÀ ÊÖÁÖÒÉ ÉÍÔÄÒÅÀËÉÓÀÂÀÍ;

• I(x) (x ∈ Rn) ÛÄÃÂÄÁÀ x-ÉÓ ÛÄÌÝÅÄËÉ ÚÅÄËÀ n-ÂÀÍÆÏÌÉËÄ-
ÁÉÀÍÉ ÙÉÀ ÉÍÔÄÒÅÀËÉÓÀÂÀÍ;

• P(x) (x ∈ Rn) ÛÄÃÂÄÁÀ x-ÉÓ ÛÄÌÝÅÄËÉ ÚÅÄËÀ n-ÂÀÍÆÏÌÉËÄ-
ÁÉÀÍÉ ÙÉÀ ÌÀÒÈÊÖÈáÄÃÉÓÀÂÀÍ.
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ÛÄÅÍÉÛÍÏÈ, ÒÏÌ Q ÃÀ I ÁÀÆÉÓÄÁÉÓ ÌÉÌÀÒÈ ÃÉ×ÄÒÄÍÝÉÒÄÁÀÓ,
ÛÄÓÀÁÀÌÉÓÀÃ, ÄßÏÃÄÁÀ ÜÅÄÖËÄÁÒÉÅÉ ÃÀ ÞËÉÄÒÉ ÃÉ×ÄÒÄÍÝÉÒÄ-
ÁÀ.
Q, I ÃÀ P ÁÀÆÉÓÄÁÉÓ ÛÄÓÀáÄÁ ÝÍÏÁÉËÉÀ ÛÄÌÃÄÂÉ ×ÖÍÃÀÌÄÍ-

ÔÖÒÉ ÛÄÃÄÂÄÁÉ (Éá. [5]):
ÊÖÁÄÁÉÓ ÁÀÆÉÓÉ Q ÀÃÉ×ÄÒÄÍÝÉÒÄÁÓ L(Rn) ÊËÀÓÓ (À. ËÄÁÄÂÉ,

1910);
ÉÍÔÄÒÅÀËÄÁÉÓ ÁÀÆÉÓÉ I ÀÃÉ×ÄÒÄÍÝÉÒÄÁÓ L(1+ ln+ L)n−1(Rn)

ÊËÀÓÓ (Á. ÉÄÓÄÍÉ, É. ÌÀÒÝÉÍÊÄÅÉÜÉ, À. ÆÉÂÌÖÍÃÉ, 1935);
ÉÍÔÄÒÅÀËÄÁÉÓ ÁÀÆÉÓÉ I ÀÒ ÀÃÉ×ÄÒÄÍÝÉÒÄÁÓ L(Rn) ÊËÀÓÓ,

Ö×ÒÏ ÌÄÔÉÝ, I ÀÒ ÀÃÉ×ÄÒÄÍÝÉÒÄÁÓ L(1+ ln+ L)n−1(Rn)-ÆÄ Ö×-
ÒÏ ×ÀÒÈÏ ÀÒÝ ÄÒÈ ÉÍÔÄÂÒÀËÖÒ ÊËÀÓÓ (Ó. ÓÀØÓÉ, 1935);
ÌÀÒÈÊÖÈáÄÃÄÁÉÓ ÁÀÆÉÓÉ P ÀÒ ÀÃÉ×ÄÒÄÍÝÉÒÄÁÓ L∞(Rn) ∩

L(Rn) ÊËÀÓÓÀÝ ÊÉ (À. ÆÉÂÌÖÍÃÉ, 1927).
B ÁÀÆÉÓÉÓÈÅÉÓ B-ÉÈ ÀÙÅÍÉÛÍÏÈ B(x) (x ∈ Rn) ÏãÀáÄÁÉÓ

ÂÀÄÒÈÉÀÍÄÁÀ.
B ÁÀÆÉÓÓ ÄßÏÃÄÁÀ:
ÞÅÒÉÓ ÌÉÌÀÒÈ ÉÍÅÀÒÉÀÍÔÖËÉ (ÌÏÊËÄÃ, TI-ÁÀÆÉÓÉ), ÈÖ B(x) =

{x+R : R ∈ B(0)} ÚÏÅÄËÉ x ∈ Rn-ÓÈÅÉÓ;
äÏÌÏÈÄÔÉÉÓ ÌÉÌÀÒÈ ÉÍÅÀÒÉÀÍÔÖËÉ (ÌÏÊËÄÃ, HI-ÁÀÆÉÓÉ),

ÈÖ ÚÏÅÄËÉ x ∈ Rn, R ∈ B(x) ÃÀ H äÏÌÏÈÄÔÉÉÓÀÈÅÉÓ ÝÄÍÔÒÉÈ
x-ÛÉ ÂÅÀØÅÓ: H(R) ∈ B(x);
ÛÄÃÂÄÍÉËÉ ∆ ÊËÀÓÉÓ ÓÉÌÒÀÅËÄÄÁÉÓÂÀÍ, ÈÖ B ⊂ ∆;
ÀÌÏÆÍÄØÉËÉ, ÈÖ ÉÓ ÛÄÃÂÄÍÉËÉÀ ÀÌÏÆÍÄØÉËÉ ÓÉÌÒÀÅËÄÄÁÉ-

ÓÀÂÀÍ;
ÁÖÆÄÌÀÍ-×ÄËÄÒÉÓ, ÈÖ ÉÓ ÛÄÃÂÄÍÉËÉÀ ÙÉÀ ÓÉÌÒÀÅËÄÄÁÉÓÀÂÀÍ

ÃÀ ÓÒÖËÃÄÁÀ ÛÄÌÃÄÂÉ ÐÉÒÏÁÀ: (x ∈ Rn, R ∈ B(x), y ∈ R) ⇒
R ∈ B(y).
ÛÄÌÏÅÉÙÏÈ ÛÄÌÃÄÂÉ ÀÙÍÉÛÅÍÄÁÉ:
BTI - ÚÅÄËÀ ÞÅÒÉÓ ÌÉÌÀÒÈ ÉÍÅÀÒÉÀÍÔÖËÉ ÁÀÆÉÓÉÓ ÊËÀÓÉ;
BHI - ÚÅÄËÀ äÏÌÏÈÄÔÉÉÓ ÌÉÌÀÒÈ ÉÍÅÀÒÉÀÍÔÖËÉ ÁÀÆÉÓÉÓ

ÊËÀÓÉ;
BBF - ÚÅÄËÀ ÁÖÆÄÌÀÍ-×ÄËÄÒÉÓ ÁÀÆÉÓÉÓ ÊËÀÓÉ;
BNL - ÊËÀÓÉ ÚÅÄËÀ ÉÌ ÁÀÆÉÓÉÓÀ, ÒÏÌÄËÉÝ ÀÒ ÀÃÉ×ÄÒÄÍÝÉ-

ÒÄÁÓ L(Rn)-Ó.
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ÛÄÅÍÉÛÍÏÈ, ÒÏÌ ÈÖ B ∈ BBF ∩BHI, ÌÀÛÉÍ B ∈ BTI (Éá., ÌÀÂ.,
[12, Ch. I, §3]).

B ÁÀÆÉÓÓ ÄßÏÃÄÁÀ B′ ÁÀÆÉÓÉÓ ØÅÄÁÀÆÉÓÉ (ÀÙÍÉÛÅÍÀ: B ⊂ B′),
ÈÖ B(x) ⊂ B′(x) ÚÏÅÄËÉ x ∈ Rn-ÓÈÅÉÓ. B ÁÀÆÉÓÉÓÈÅÉÓ BB-ÈÉ
ÀÙÅÍÉÛÍÏÈ B-Ó ÚÅÄËÀ ØÅÄÁÀÆÉÓÉÓ ÊËÀÓÉ.

B ÁÀÆÉÓÉÓ ÛÄÓÀÁÀÌÉÓÉ ÌÀØÓÉÌÀËÖÒÉ ÏÐÄÒÀÔÏÒÉ MB ÃÀ ßÀ-
ÊÅÄÈÉËÉ ÌÀØÓÉÌÀËÖÒÉ ÏÐÄÒÀÔÏÒÉ M δ

B (δ > 0) ÂÀÍÉÓÀÆÙÅÒÄÁÀ
ÛÄÌÃÄÂÍÀÉÒÀÃ:

MB(f)(x) = sup
R∈B(x)

1

|R|

∫
R
|f |,

M δ
B(f)(x) = sup

R∈B(x),diamR<δ

1

|R|

∫
R
|f |,

ÓÀÃÀÝ f ∈ Lloc(Rn) ÃÀ x ∈ Rn.
ÛÄÅÍÉÛÍÏÈ, ÒÏÌ ÈÖ B ÀÒÉÓ ÞÅÒÉÓ ÌÉÌÀÒÈ ÉÍÅÀÒÉÀÍÔÖËÉ ÀÍ

ÁÖÆÄÌÀÍ-×ÄËÄÒÉÓ ÁÀÆÉÓÉ, ÌÀÛÉÍ ÍÄÁÉÓÌÉÄÒÉ f ×ÖÍØÝÉÉÓÈÅÉÓ
DB

(∫
f, ·

)
, DB

(∫
f, ·

)
, MB(f) ÃÀ M δ

B(f) ×ÖÍØÝÉÄÁÉ ÀÒÉÀÍ ÆÏ-
ÌÀÃÄÁÉ (Éá., ÌÀÂ., [5] ÀÍ [12]).
ØÅÄÌÏÈ ÚÅÄËÂÀÍ ÌÉÜÍÄÖËÉÀ, ÒÏÌ Rn ÓÉÅÒÝÉÓ ÂÀÍÆÏÌÉËÄÁÀ

ÌÄÔÉÀ ÄÒÈÆÄ.
B ÁÀÆÉÓÉÓÈÅÉÓ FB-ÈÉ ÀÙÅÍÉÛÍÏÈ ÚÅÄËÀ f ∈ L(Rn) ×ÖÍØÝÉ-

ÉÓ ÊËÀÓÉ, ÒÏÌËÉÓ ÉÍÔÄÂÒÀËÉ ÃÉ×ÄÒÄÍÝÉÒÄÁÀÃÉÀ B ÁÀÆÉÓÉÓ
ÌÉÌÀÒÈ.

Γn-ÈÉ ÀÙÅÍÉÛÍÏÈ Rn-ÛÉ ÚÅÄËÀ ÌÏÁÒÖÍÄÁÉÓ ÏãÀáÉ.
ÅÉÔÚÅÉÈ, ÒÏÌ f ×ÖÍØÝÉÀ ÌÉÉÚÅÀÍÄÁÀ F ÊËÀÓÛÉ ÝÅËÀÃÉÓ γ

ÂÀÒÃÀØÌÍÉÈ, ÈÖ f ◦ γ ∈ F .

ÃÉÓÄÒÔÀÝÉÀ ÛÄÃÂÄÁÀ ÄØÅÓÉ ÐÀÒÀÂÒÀ×ÉÓÂÀÍ.
ÐÉÒÅÄË ÐÀÒÀÂÒÀ×ÛÉ ÛÄÓßÀÅËÉËÉÀ À. ÆÉÂÌÖÍÃÉÓ ÀÌÏÝÀÍÀ ÓÀ-

ÊÏÏÒÃÉÍÀÔÏ ÙÄÒÞÄÁÉÓ ÛÄÒÜÄÅÉÓ ÌÄÛÅÄÏÁÉÈ (Ä.É. ÝÅËÀÃÉÓ ÂÀ-
ÒÃÀØÌÍÉÈ, ÒÏÌÄËÉÝ ßÀÒÌÏÀÃÂÄÍÓ ÌÏÁÒÖÍÄÁÀÓ) ×ÖÍØÝÉÉÓ ÈÅÉ-
ÓÄÁÄÁÉÓ ÂÀÖÌãÏÁÄÓÄÁÉÓ ÛÄÓÀÞËÄÁËÏÁÉÓ ÛÄÓÀáÄÁ.
ÝÅËÀÃÉÓ ÂÀÒÃÀØÌÍÉÓ ÌÄÛÅÄÏÁÉÈ ×ÖÍØÝÉÉÓ ÈÅÉÓÄÁÄÁÉÓ ÂÀ-

ÖÌãÏÁÄÓÄÁÉÓ ÛÄÓÀÞËÄÁËÏÁÉÓ ÛÄÓÀáÄÁ ÓÀÊÉÈáÓ ÀØÅÓ ÓÀÊÌÀÒÉ-
ÓÀÃ ÌÃÉÃÀÒÉ ÉÓÔÏÒÉÀ. äÏÌÄÏÌÏÒ×ÉÆÌÉÓ ÌÏØÌÄÃÄÁÉÓÀÓ ×ÖÒÉÄÓ
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ÔÒÉÂÏÍÏÌÄÔÒÉÖËÉ ÌßÊÒÉÅÉÓ ÚÏ×ÀØÝÄÅÉÓ ÂÀÖÌãÏÁÄÓÄÁÉÓ ÛÄ-
ÓÀÞËÄÁËÏÁÉÓ ÛÄÓÀáÄÁ ÝÍÏÁÉËÉÀ ä. ÁÏÒÉÓ, À. ÏËÄÅÓÊÉÓ, Ñ.-Ð.
ÊÀäÀÍÉÓÀ ÃÀ É. ÊÀÝÍÄËÓÏÍÉÓ, À. ÓÀÀÊÉÀÍÉÓ ÌÍÉÛÅÍÄËÏÁÀÍÉ ÛÄ-
ÃÄÂÄÁÉ (Éá., ÌÀÂ., [11], [4], [18]).
ÉÍÔÄÂÒÀËÉÓ ÃÉ×ÄÒÄÍÝÉÒÄÁÉÓ ÈÄÏÒÉÀÛÉ ÆÄÌÏÈ ÀÙÍÉÛÍÖËÉ

ÓÀÊÉÈáÉÓ ÛÄÓßÀÅËÀ ÃÀßÚÄÁÖËÉ ÉÚÏ À. ÆÉÂÌÖÍÃÉÓ ÛÄÌÃÄÂÉ ÀÌÏ-
ÝÀÍÉÈ (Éá. [5, Ch. IV, §2]): ÛÄÓÀÞËÄÁÄËÉÀ ÈÖ ÀÒÀ ÍÄÁÉÓÌÉÄÒÉ
f ∈ L(R2) ×ÖÍØÝÉÀ ÌÉÚÅÀÍÉËÉ ÉØÍÀÓ FI ÊËÀÓÛÉ ÓÀÊÏÏÒÃÉÍÀÔÏ
ÙÄÒÞÄÁÉÓ ÌÏÁÒÖÍÄÁÉÓ ÌÄÛÅÄÏÁÉÈ?
ÌÀÒÓÔÒÀÍÃÌÀ [10] ÂÀÓÝÀ ÖÀÒÚÏ×ÉÈÉ ÐÀÓÖáÉ ÀÌ ÊÉÈáÅÀÓ, ÀÀÂÏ

ÒÀ ÀÒÀÖÀÒÚÏ×ÉÈÉ f ∈ L(R2) ×ÖÍØÝÉÀ ÉÓÄÈÉ, ÒÏÌ f ◦ γ /∈ FI
ÍÄÁÉÓÌÉÄÒÉ γ ∈ Γ2 ÌÏÁÒÖÍÄÁÉÓÈÅÉÓ.
À. ÆÉÂÌÖÍÃÉÓ ÀÌÏÝÀÍÀ ÆÏÂÀÃÉ ÃÀÓÌÉÈ ×ÏÒÌÖËÉÒÃÄÁÀ ÛÄÌ-

ÃÄÂÍÀÉÒÀÃ: ÅÈØÅÀÈ, B ÀÒÉÓ ÞÅÒÉÓ ÌÉÌÀÒÈ ÉÍÅÀÒÉÀÍÔÖËÉ ÁÀ-
ÆÉÓÉ, ÒÏÌÄËÉÝ ÀÒ ÀÃÉ×ÄÒÄÍÝÉÒÄÁÓ L(Rn) ÊËÀÓÓ. ÀÒÓÄÁÏÁÓ
ÈÖ ÀÒÀ f ∈ L(Rn) ×ÖÍØÝÉÀ, ÒÏÌÄËÉÝ ÛÄÖÞËÄÁÄËÉÀ ÌÉÚÅÀ-
ÍÉË ÉØÍÀÓ FB ÊËÀÓÛÉ ÓÀÊÏÏÒÃÉÍÀÔÏ ÙÄÒÞÄÁÉÓ ÌÏÁÒÖÍÄÁÉÓ
ÌÄÛÅÄÏÁÉÈ? ÀÌ ÌÉÌÀÒÈÖËÄÁÉÈ ÝÍÏÁÉËÉ ÛÄÃÄÂÄÁÉÓ ÜÀÌÏÚÀËÉ-
ÁÄÁÉÓÀÈÅÉÓ ÛÄÌÏÅÉÙÏÈ ÆÏÂÉÄÒÈÉ ÂÀÍÓÀÆÙÅÒÄÁÀ.
ÞÅÒÉÓ ÌÉÌÀÒÈ ÉÍÅÀÒÉÀÍÔÖËÉ B ÁÀÆÉÓÉÓÈÅÉÓ Â.Â. ÏÍÉÀÍÉÓ

ÌÉÄÒ (Éá. [12, Ch. II, §1] ÀÍ [13]) ÛÄÌÏÙÄÁÖËÉ ÉÚÏ ÛÄÌÃÄÂÉ
×ÖÍØÝÉÀ:

σB(λ) = lim
t→∞

lim
ε→0

|{M tε
B (χVε) > λ}|

|Vε|
(0 < λ < 1),

ÓÀÃÀÝ Vε ÀÒÉÓ ÊÏÏÒÃÉÍÀÔÈÀ ÓÀÈÀÅÄÛÉ ÝÄÍÔÒÉÓ ÌØÏÍÄ ε ÒÀ-
ÃÉÖÓÉÀÍÉ ÁÉÒÈÅÉ. ÀØ ÃÀ ØÅÄÌÏÈ ÚÅÄËÂÀÍ χE ÀÙÍÉÛÍÀÅÓ E ÓÉ-
ÌÒÀÅËÉÓ ÌÀáÀÓÉÀÈÄÁÄË ×ÖÍØÝÉÀÓ. σB-Ó ÅÖßÏÃÏÈ B ÁÀÆÉÓÉÓ
Ó×ÄÒÖËÉ ÌÏÀÒÛÉÄÁÉÓ ×ÖÍØÝÉÀ.
ÀÃÅÉËÉ ÛÄÓÀÌÏßÌÄÁÄËÉÀ, ÒÏÌ:
1) ÈÖ B ∈ BTI ÀÒÉÓ ÀÌÏÆÍÄØÉËÉ ÁÀÆÉÓÉ, ÌÀÛÉÍ MB(χVε)(x) ≤

Cε/ dist(x, Vε) (x /∈ V2ε) ÛÄ×ÀÓÄÁÉÓ (Éá. [13, ËÄÌÀ 1]) ÌÄÛÅÄÏÁÉÈ
ÂÅÀØÅÓ:

σB(λ) = lim
ε→0

|{MB(χVε) > λ}|
|Vε|

;
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2) ÈÖ B ∈ BTI ∩BHI, ÌÀÛÉÍ

σB(λ) = |{MB(χV ) > λ}|,

ÓÀÃÀÝ V ÀÒÉÓ ÄÒÈÄÖËÏÅÀÍÉ ÁÉÒÈÅÉ (Ä.É. ÊÏÏÒÃÉÍÀÔÈÀ ÓÀÈÀ-
ÅÄÛÉ ÝÄÍÔÒÉÓ ÁÉÒÈÅÉ 1-ÉÓ ÔÏËÉ ÒÀÃÉÖÓÉÈ).
ÞÅÒÉÓ ÌÉÌÀÒÈ ÉÍÅÀÒÉÀÍÔÖËÉ B ÁÀÆÉÓÉÓÈÅÉÓ Á. ËÏÐÄÓ-ÌÄËÄÒÏÌ

[9] ÛÄÌÏÉÙÏ Ó×ÄÒÖËÉ ÌÏÀÒÛÉÄÁÉÓ ×ÖÍØÝÉÉÓ ÛÄÌÃÄÂÉ ÓÖÓÔÉ
ÅÀÒÉÀÍÔÉ:

σ̃B(λ) = lim
ε→0

|{M ε/λ
B (χVε) > λ}|

|Vε|
(0 < λ < 1).

ÀÛÊÀÒÀÀ, ÒÏÌ
σ̃B(λ) ≤ σB(λ) (0 < λ < 1).

ÅÉÔÚÅÉÈ, ÒÏÌ σ : (0, 1) → (0,∞) ×ÖÍØÝÉÀ ÀÒÉÓ ÀÒÀÒÄÂÖËÀ-
ÒÖËÉ, ÈÖ

lim
λ→0

λσ(λ) = ∞.

n ≥ 2-ÓÈÅÉÓ Ink-ÈÉ (2 ≤ k ≤ n) ÀÙÅÍÉÛÍÏÈ ÁÀÆÉÓÉ, ÒÏÌËÉ-
ÓÈÅÉÓÀÝ Ink(x) (x ∈ Rn) ÛÄÃÂÄÁÀ x-ÉÓ ÛÄÌÝÅÄËÉ ÚÅÄËÀ ÙÉÀ
n-ÂÀÍÆÏÌÉËÄÁÉÀÍÉ ÉÍÔÄÒÅÀËÉÓÂÀÍ, ÒÏÌÄËÈÀ ÂÅÄÒÃÄÁÉÓ ÓÉ-
ÂÒÞÄÄÁÉ ÙÄÁÖËÏÁÄÍ ÀÒÀÖÌÄÔÄÓ k ÓáÅÀÃÀÓáÅÀ ÌÍÉÛÅÍÄËÏÁÀÓ.
ÛÄÅÍÉÛÍÏÈ, ÒÏÌ Inn = I.

B ÁÀÆÉÓÉÓÈÅÉÓ SB-ÈÉ ÀÙÅÍÉÛÍÏÈ ÚÅÄËÀ ÀÒÀÖÀÒÚÏ×ÉÈÉ f ∈
L(Rn) ×ÖÍØÝÉÉÓ ÊËÀÓÉ, ÒÏÌÄËÈÀÈÅÉÓÀÝ DB

(∫
f ◦ γ, x

)
= ∞

ÈÉÈØÌÉÓ ÚÅÄËÂÀÍ ÚÏÅÄËÉ γ ∈ Γn-ÓÈÅÉÓ.

À. ÓÔÏÊÏËÏÓÉÓ [19], Á. ËÏÐÄÓ-ÌÄËÄÒÏÓ [9] ÃÀ Â.Â. ÏÍÉÀÍÉÓ
[12, Ch. II, §1] (Éá. ÀÓÄÅÄ [13]) ÌÉÄÒ, ÛÄÓÀÁÀÌÉÓÀÃ, ÃÀÃÂÄÍÉËÉ
ÉÚÏ ÛÄÌÃÄÂÉ ÃÄÁÖËÄÁÄÁÉ.

ÈÄÏÒÄÌÀ A. ÚÏÅÄËÉ n ≥ 2 ÃÀ 2 ≤ k ≤ n-ÓÈÅÉÓ SInk ÊËÀÓÉ
ÀÒÀÝÀÒÉÄËÉÀ.

ÈÄÏÒÄÌÀ B. ÈÖ ÞÅÒÉÓ ÌÉÌÀÒÈ ÉÍÅÀÒÉÀÍÔÖË B ÁÀÆÉÓÓ ÀØÅÓ
ÀÒÀÒÄÂÖËÀÒÖËÉ ÓÖÓÔÉ Ó×ÄÒÖËÉ ÌÏÀÒÛÉÄÁÉÓ ×ÖÍØÝÉÀ σ̃B ,
ÌÀÛÉÍ SB ÊËÀÓÉ ÀÒÀÝÀÒÉÄËÉÀ.
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ÈÄÏÒÄÌÀ C. ÈÖ ÞÅÒÉÓ ÌÉÌÀÒÈ ÉÍÅÀÒÉÀÍÔÖË B ÁÀÆÉÓÓ ÀØÅÓ
ÀÒÀÒÄÂÖËÀÒÖËÉ Ó×ÄÒÖËÉ ÌÏÀÒÛÉÄÁÉÓ ×ÖÍØÝÉÀ σB , ÌÀÛÉÍ SB

ÊËÀÓÉ ÀÒÀÝÀÒÉÄËÉÀ.

ÛÄÅÍÉÛÍÏÈ, ÒÏÌ σ̃B(λ) ≤ σB(λ) ÃÀ σ̃Ink (λ) ≥ c 1λ ln
k−1 1

λ ÛÄ×À-
ÓÄÁÄÁÉÃÀÍ ÂÀÌÏÌÃÉÍÀÒÄÏÁÓ ÛÄÌÃÄÂÉ ÉÌÐËÉÊÀÝÉÄÁÉ: ÈÄÏÒÄÌÀ C
⇒ ÈÄÏÒÄÌÀ B ⇒ ÈÄÏÒÄÌÀ A.

ÛÄÌÃÄÂÉ ÈÄÏÒÄÌÀ ÉÞËÄÅÀ ÐÀÓÖáÓ ÆÉÂÌÖÍÃÉÓ ÂÀÍÆÏÂÀÃÄÁÖË
ÀÌÏÝÀÍÀÆÄ BBF ∩BHI ∩BNL ÁÀÆÉÓÈÀ ÊËÀÓÉÓÀÈÅÉÓ.

ÈÄÏÒÄÌÀ 1.1. ÈÖ B ∈ BBF ∩BHI ∩BNL, ÌÀÛÉÍ SB ÊËÀÓÉ ÀÒÀÝÀ-
ÒÉÄËÉÀ.

ÈÄÏÒÄÌÀ 1.1 ÌÔÊÉÝÃÄÁÀ ÈÄÏÒÄÌÀ C-Ó ÂÀÌÏÚÄÍÄÁÉÈ ÛÄÌÃÄÂÉ
ËÄÌÉÓ ÓÀ×ÖÞÅÄËÆÄ.

ËÄÌÀ 1.4. ÈÖ B ∈ BBF ∩BHI ∩BNL, ÌÀÛÉÍ B ÁÀÆÉÓÓ ÀØÅÓ ÀÒÀ-
ÒÄÂÖËÀÒÖËÉ Ó×ÄÒÖËÉ ÌÏÀÒÛÉÄÁÉÓ ×ÖÍØÝÉÀ.

ÌÄÏÒÄ ÐÀÒÀÂÒÀ×ÛÉ ÛÄÓßÀÅËÉËÉÀ ÃÉ×ÄÒÄÍÝÉÒÄÁÀÃÉ ÉÍÔÄÂ-
ÒÀËÉÓ ÌØÏÍÄ ×ÖÍØÝÉÀÈÀ ÊËÀÓÄÁÉÓ ÉÍÅÀÒÉÀÍÔÖËÏÁÉÓ ÓÀÊÉÈáÉ
ÌÏÁÒÖÍÄÁÄÁÉÓ ÌÉÌÀÒÈ.
ÊÀÒÂÉ ÀÍÀËÉÆÖÒÉ ÈÅÉÓÄÁÉÓ ÌØÏÍÄ ×ÖÍØÝÉÀÈÀ ÊËÀÓÉ ÛÄÉÞ-

ËÄÁÀ ÞÀËÉÀÍ ÌÂÒÞÍÏÁÉÀÒÄ ÉÚÏÓ ÝÅËÀÃÉÓ ÂÀÒÃÀØÌÍÉÓ ÌÉÌÀÒÈ.
ÂÀÅÉáÓÄÍÏÈ ÀÌ ÔÉÐÉÓ ÛÄÃÄÂÉ, ÒÏÌÄËÉÝ ÄÊÖÈÅÍÉÓ À. ÁÄÒËÉ-
ÍÂÓ ÃÀ ä. äÄËÓÏÍÓ [1]: ÅÈØÅÀÈ T ÀÒÉÓ ÄÒÈÄÖËÏÅÀÍÉ ßÒÄßÉÒÉ
ÊÏÌÐËÄØÓÖÒ ÓÉÁÒÔÚÄÆÄ ÃÀ A(T) ÀÒÉÓ T-ÆÄ ÂÀÍÓÀÆÙÅÒÖËÉ
ÚÅÄËÀ ÖßÚÅÄÔÉ ×ÖÍØÝÉÉÓ ÊËÀÓÉ, ÒÏÌÄËÈÀÝ ÀØÅÈ ÀÁÓÏËÖÔÖ-
ÒÀÃ ÊÒÄÁÀÃÉ ×ÖÒÉÄÓ ÔÒÉÂÏÍÏÌÄÔÒÉÖËÉ ÌßÊÒÉÅÉ. γ : T → T
äÏÌÄÏÌÏÒ×ÉÆÌÉÓÈÅÉÓ ÂÅÀØÅÓ, ÒÏÌ f ∈ A(T) ⇒ f◦γ ∈ A(T) ÌÀÛÉÍ
ÃÀ ÌáÏËÏÃ ÌÀÛÉÍ, ÈÖ γ ÀÒÉÓ ÛÄÌÃÄÂÉ ÔÉÐÉÓ: γ(eit) = ei(kt+a),
ÓÀÃÀÝ k ∈ {−1, 1} ÃÀ a ∈ [−π, π].
×ÖÍØÝÉÀÈÀ F ÊËÀÓÓ ÄßÏÃÄÁÀ ÉÍÅÀÒÉÀÍÔÖËÉ ÝÅËÀÃÉÓ ÂÀÒ-

ÃÀØÌÍÀÈÀ Γ ÊËÀÓÉÓ ÌÉÌÀÒÈ, ÈÖ (f ∈ F, γ ∈ Γ) ⇒ f ◦ γ ∈ F.
ÀÓÄ, ÒÏÌ A(T) ÊËÀÓÉ ÉÍÅÀÒÉÀÍÔÖËÉÀ ÌáÏËÏÃ ÌÏÁÒÖÍÄÁÄÁÉÓ,

ÛÄÖÙËÄÁÉÓ ÃÀ ÌÀÈÉ ÊÏÌÐÏÆÉÝÉÄÁÉÓ ÌÉÌÀÒÈ. ÊÄÒÞÏÃ, ÀÒÓÄÁÏÁÓ
ÃÉ×ÄÏÌÏÒ×ÉÆÌÉ γ : T → T, ÒÏÌËÉÓ ÌÉÌÀÒÈ A(T) ÀÒÀÀ ÉÍÅÀÒÉ-
ÀÍÔÖËÉ.
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ÌÒÀÅÀËÉ ÝÅËÀÃÉÓ ×ÖÍØÝÉÄÁÉÓ ÈÅÉÓÄÁÄÁÉÓ ÃÀÌÏÊÉÃÄÁÖËÄÁÀ
ÓÀÊÏÏÒÃÉÍÀÔÏ ÙÄÒÞÄÁÉÓ ÛÄÒÜÄÅÀÆÄ (Ä.É. ÓÔÀÍÃÀÒÔÖËÉ ÏÒ-
ÈÏÂÏÍÀËÖÒÉ ÓÀÊÏÏÒÃÉÍÀÔÏ ÓÉÓÔÄÌÉÓ ÌÏÁÒÖÍÄÁÀÆÄ) ÛÄÉÓßÀ-
ÅËÄÁÏÃÀ ÓáÅÀÃÀÓáÅÀ ÀÅÔÏÒÄÁÉÓ ÌÉÄÒ.
Â. ËÄ×ÓÅÄÒÉÞÉÓ [8], Â.Â. ÏÍÉÀÍÉÓ [14] ÃÀ À. ÓÔÏÊÏËÏÓÉÓ

[20] ÛÄÃÄÂÄÁÉÃÀÍ ÂÀÌÏÌÃÉÍÀÒÄÏÁÓ, ÒÏÌ FI ÊËÀÓÉ ÀÒÀÉÍÅÀ-
ÒÉÀÍÔÖËÉÀ ÝÅËÀÃÉÓ ßÒ×ÉÅÉ ÂÀÒÃÀØÌÍÄÁÉÓ ÌÉÌÀÒÈ, ÊÄÒÞÏÃ
ÌÏÁÒÖÍÄÁÄÁÉÓ ÌÉÌÀÒÈ. ÀÍÀËÏÂÉÖÒÉ ÛÄÃÄÂÉ ÃÀÃÂÄÍÉËÉ ÉÚÏ
Ï.ÃÒÀÂÏÛÀÍÓÊÉÓ ÌÉÄÒ [2] ÏÒÉ ÝÅËÀÃÉÓ ÖßÚÅÄÔ ×ÖÍØÝÉÀÈÀ
ÊËÀÓÉÓÀÈÅÉÓ, ÒÏÌÄËÈÀÝ ÀØÅÈ ÐÒÉÍÓäÄÉÌÉÓ ÀÆÒÉÈ ÈÉÈØÌÉÓ
ÚÅÄËÂÀÍ ÊÒÄÁÀÃÉ ×ÖÒÉÄÓ ÌßÊÒÉÅÉ (×ÖÒÉÄÓ ÉÍÔÄÂÒÀËÉ).
ÏÒÂÀÍÆÏÌÉËÄÁÉÀÍ ÛÄÌÈáÅÄÅÀÛÉ Â. ÊÀÒÀÂÖËÉÀÍÌÀ [6] ÃÀÀÃÂÉ-

ÍÀ I ÁÀÆÉÓÉÓ ÌÉáÄÃÅÉÈ ÃÉ×ÄÒÄÍÝÉÒÄÁÀÃÏÁÉÓ ÈÅÀËÓÀÆÒÉÓÉÈ
ÉÌ ÂÀÍÓÀÊÖÈÒÄÁÖËÏÁÄÁÉÓ ÓÒÖËÉ ÃÀáÀÓÉÀÈÄÁÀ, ÒÏÌÄËÉÝ ÛÄÉÞ-
ËÄÁÀ äØÏÍÃÄÓ ×ÉØÓÉÒÄÁÖËÉ ×ÖÍØÝÉÉÓ ÉÍÔÄÂÒÀËÓ ÓÀÊÏÏÒÃÉ-
ÍÀÔÏ ÓÉÓÔÄÌÉÓ ÓáÅÀÃÀÓáÅÀ ÀÒÜÄÅÉÓÀÓ. ÀÌ ÓÀÊÉÈáÉÓ ÌÒÀÅÀËÂÀÍ-
ÆÏÌÉËÄÁÉÀÍÉ ÀÓÐÄØÔÉ ÛÄÓßÀÅËÉËÉ ÉÚÏ Â.Â. ÏÍÉÀÍÉÓ ÌÉÄÒ [15].
Ì. ÃÉÀÜÄÍÊÏÌ [3] ÂÀÍÉáÉËÀ ÓáÅÀÃÀÓáÅÀ ÀÆÒÉÈ ÓÀÓÒÖËÉ ÅÀÒÉ-

ÀÝÉÉÓ ×ÖÍØÝÉÀÈÀ ÏÒÂÀÍÆÏÌÉËÄÁÉÀÍÉ ÊËÀÓÄÁÉÓ Γ2-ÉÓ ÌÉÌÀÒÈ
ÉÍÅÀÒÉÀÍÔÖËÏÁÉÓ ÀÌÏÝÀÍÀ.

ÌÏÁÒÖÍÄÁÉÓ ÌÉÌÀÒÈ FI ÊËÀÓÉÓ ÀÒÀÉÍÅÀÒÉÀÍÔÖËÏÁÉÓ ÛÄÃÄ-
ÂÉ ÛÄÉÞËÄÁÀ ÂÀÅÒÝÄËÃÄÓ ÓÀÊÌÀÏÃ ÆÏÂÀÃÉ ÔÉÐÉÓ ÁÀÆÉÓÄÁÆÄ.
ÊÄÒÞÏÃ, ÓÀÌÀÒÈËÉÀÍÉÀ ÛÄÌÃÄÂÉ ÈÄÏÒÄÌÀ.

ÈÄÏÒÄÌÀ 2.1. ÈÖ B ∈ BI ∩ BTI ∩ BNL, ÌÀÛÉÍ FB ÊËÀÓÉ ÀÒÀÀ
ÉÍÅÀÒÉÀÍÔÖËÉ ÌÏÁÒÖÍÄÁÄÁÉÓ ÌÉÌÀÒÈ, Ö×ÒÏ ÌÄÔÉÝ, ÀÒÓÄÁÏÁÓ
ÀÒÀÖÀÒÚÏ×ÉÈÉ f ∈ FI ×ÖÍØÝÉÀ ÉÓÄÈÉ, ÒÏÌ f ◦ γ /∈ FB ÒÏÌÄËÉ-
ÙÀÝ γ ∈ Γn ÌÏÁÒÖÍÄÁÉÓÀÈÅÉÓ.

ÛÄÅÍÉÛÍÏÈ, ÒÏÌ ÈÖ B ÀÃÉ×ÄÒÄÍÝÉÒÄÁÓ L(Rn)-Ó, ÌÀÛÉÍ ÌÏÁ-
ÒÖÍÄÁÄÁÉÓ ÌÉÌÀÒÈ FB ÊËÀÓÉÓ ÉÍÅÀÒÉÀÍÔÖËÏÁÉÓ ÓÀÊÉÈáÉ ÔÒÉ-
ÅÉÀËÖÒÉÀ. ÊÄÒÞÏÃ, ÈÖ ÂÀÅÉÈÅÀËÉÓßÉÍÄÁÈ, ÒÏÌ ÌÏÁÒÖÍÄÁÀ ÆÏ-
ÌÉÓ ÛÄÌÍÀáÀÅÉ ÀÓÀáÅÀÀ, ÃÀÅÀÓÊÅÍÉÈ FB-Ó ÌÏÁÒÖÍÄÁÄÁÉÓ ÌÉÌÀÒÈ
ÉÍÅÀÒÉÀÍÔÖËÏÁÀÓ.
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ÌÄÓÀÌÄ ÐÀÒÀÂÒÀ×ÛÉ ÛÄÌÏÙÄÁÖËÉÀ ÓÉÍÂÖËÀÒÖËÉ ÌÏÁÒÖÍÄ-
ÁÄÁÉÓ ÓÉÌÒÀÅËÄÄÁÉ ÃÀ ÃÀÃÂÄÍÉËÉÀ ÆÏÂÉÄÒÈÉ ÛÄÃÄÂÉ ÌÀÈÉ
ÓÔÒÖØÔÖÒÉÓ ÛÄÓÀáÄÁ.
ÅÈØÅÀÈ B ÀÒÉÓ ÁÀÆÉÓÉ Rn-ÛÉ ÃÀ γ ∈ Γn. B ÁÀÆÉÓÉÓ γ-

ÌÏÁÒÖÍÄÁÀ ÂÀÍÉÓÀÆÙÅÒÄÁÀ ÛÄÌÃÄÂÍÀÉÒÀÃ:

B(γ)(x) = {x+ γ(R− x) : R ∈ B(x)} (x ∈ Rn).

ÃÀÅÖÛÅÀÈ B ÞÅÒÉÓ ÌÉÌÀÒÈ ÉÍÅÀÒÉÀÍÔÖËÉÀ. ÌÀÛÉÍ ÀÃÅÉËÉ ÛÄ-
ÓÀÓÌÏßÌÄÁÄËÉÀ, ÒÏÌ "ÌÏÁÒÖÍÄÁÖËÉ" f ◦ γ ×ÖÍØÝÉÉÓ ÉÍÔÄÂÒÀ-
ËÉÓ ÃÉ×ÄÒÄÍÝÉÒÄÁÀÃÏÁÀ B ÁÀÆÉÓÉÓ ÌÉáÄÃÅÉÈ x ßÄÒÔÉËÛÉ,
ÄÊÅÉÅÀËÄÍÔÖÒÉÀ f ×ÖÍØÝÉÉÓ ÉÍÔÄÂÒÀËÉÓ ÃÉ×ÄÒÄÍÝÉÒÄÁÀÃÏ-
ÁÉÓÀ "ÌÏÁÒÖÍÄÁÖËÉ" B(γ−1) ÁÀÆÉÓÉÓ ÌÉÌÀÒÈ γ−1(x) ßÄÒÔÉËÛÉ.
ÛÄÃÄÂÀÃ, f ◦ γ (γ ∈ Γn) ×ÖÍØÝÉÄÁÉÓ ÚÏ×ÀØÝÄÅÉÓ ÛÄÓßÀÅËÀ B
ÁÀÆÉÓÉÓ ÌÉÌÀÒÈ ÛÄÉÞËÄÁÀ ÃÀÅÉÚÅÀÍÏÈ f ×ÖÍØÝÉÉÓ ÚÏ×ÀØÝÄÅÉÓ
ÛÄÓßÀÅËÀÆÄ B(γ) (γ ∈ Γn) ÁÀÆÉÓÄÁÉÓ ÌÉÌÀÒÈ.
ÅÈØÅÀÈ B ÀÒÉÓ ÁÀÆÉÓÉ BI ∩BTI ∩BNL ÊËÀÓÉÃÀÍ. ÈÄÏÒÄÌÀ

2.1-ÉÓ ÞÀËÉÈ ÀÒÓÄÁÏÁÓ ×ÖÍØÝÉÀ, ÒÏÌÄËÓÀÝ ÀØÅÓ ÀÒÀÄÒÈÂ-
ÅÀÒÏÅÀÍÉ ÚÏ×ÀØÝÄÅÀ ÌÏÁÒÖÍÄÁÖËÉ B(γ) (γ ∈ Γn) ÁÀÆÉÓÄÁÉÓ
ÌÉÌÀÒÈ, Ö×ÒÏ ÆÖÓÔÀÃ,

∫
f ÀÒÀÀ ÃÉ×ÄÒÄÍÝÉÒÄÁÀÃÉ B(γ) ÁÀÆÉ-

ÓÉÓ ÌÉÌÀÒÈ ÆÏÂÉÄÒÈÉ ÌÏÁÒÖÍÄÁÉÓÀÈÅÉÓ ÃÀ ÉÌÀÅÃÒÏÖËÀÃ
∫
f

ÃÉ×ÄÒÄÍÝÉÒÄÁÀÃÉÀ B(γ) ÁÀÆÉÓÉÓ ÌÉÌÀÒÈ ÆÏÂÉÄÒÈÉ ÌÏÁÒÖÍÄ-
ÁÉÓÀÈÅÉÓ. ÀÌÂÅÀÒÀÃ, f ×ÖÍØÝÉÉÓÀÈÅÉÓ ÆÏÂÉ γ ÌÏÁÒÖÍÄÁÀ ÀÒÉÓ
"ÓÉÍÂÖËÀÒÖËÉ" (ÀÒÀÃÉ×ÄÒÄÍÝÉÒÄÁÀÃÏÁÀ B(γ)-Ó ÌÉÌÀÒÈ) ÃÀ
ÆÏÂÉ γ ÌÏÁÒÖÍÄÁÀ ÀÒÉÓ "ÒÄÂÖËÀÒÖËÉ" (ÃÉ×ÄÒÄÍÝÉÒÄÁÀÃÏ-
ÁÀ B(γ)-Ó ÌÉÌÀÒÈ). ÀÌÀÓÈÀÍ ÃÀÊÀÅÛÉÒÄÁÉÈ ÁÖÍÄÁÒÉÅÀÃ ÉÓÌÉÓ
ÊÉÈáÅÀ: ÒÀ ÓÀáÉÓ ÛÄÉÞËÄÁÀ ÉÚÏÓ ÓÉÍÂÖËÀÒÖËÉ ÃÀ ÒÄÂÖËÀÒÖ-
ËÉ ÌÏÁÒÖÍÄÁÄÁÉÓ ÓÉÌÒÀÅËÄÄÁÉ ×ÉØÓÉÒÄÁÖËÉ ×ÖÍØÝÉÉÓÀÈÅÉÓ?
ÛÄÅÍÉÛÍÏÈ, ÒÏÌ ÃÖÀËÖÒÏÁÉÓ ÌÏÓÀÆÒÄÁÄÁÉÓ ÂÀÌÏ ÛÄÂÅÉÞËÉÀ
ÛÄÌÏÅÉ×ÀÒÂËÏÈ ÓÉÍÂÖËÀÒÖËÉ ÌÏÁÒÖÍÄÁÄÁÉÓ ÓÉÌÒÀÅËÄÄÁÉÓ
ÛÄÓßÀÅËÉÈ.
ÞËÉÄÒÀÃ ÃÉ×ÄÒÄÍÝÉÒÄÁÀÃÏÁÉÓ ÐÒÏÝÄÓÉÓ ÛÄÌÈáÅÄÅÀÛÉ (Ä.É.

ÒÏÝÀ B = I) ÃÀÓÌÖËÉ ÀÌÏÝÀÍÀ ÛÄÓßÀÅËÉËÉ ÉÚÏ Â. ÊÀÒÀÂÖ-
ËÉÀÍÉÓ [6], Â.Â. ÏÍÉÀÍÉÓ [12, 14, 16], Â. ËÄ×ÓÅÄÒÉÞÉÓ [8] ÃÀ À.
ÓÔÏÊÏËÏÓÉÓ [20] ÌÉÄÒ.
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ÀÙÍÉÛÍÖË ÀÌÏÝÀÍÀÓÈÀÍ ÃÀÊÀÅÛÉÒÄÁÉÈ ÛÄÌÏÅÉÙÏÈ ÓÉÍÂÖËÀ-
ÒÖËÉ ÌÏÁÒÖÍÄÁÄÁÉÓ ÓÉÌÒÀÅËÉÓ ÌÊÀÝÒÉ ÂÀÍÓÀÆÙÅÒÄÁÀ: ÃÀÅÖ-
ÛÅÀÈ B ÀÒÉÓ ÁÀÆÉÓÉ R2-ÛÉ ÃÀ E ⊂ Γ2. E ÓÉÌÒÀÅËÄÓ ÄßÏÃÄÁÀ
WB-ÓÉÌÒÀÅËÄ, ÈÖ ÀÒÓÄÁÏÁÓ f ∈ L(R2) ×ÖÍØÝÉÀ ÛÄÌÃÄÂÉ ÏÒÉ
ÈÅÉÓÄÁÉÈ:

f /∈ FB(γ) ÚÏÅÄËÉ γ ∈ E-ÓÈÅÉÓ;

f ∈ FB(γ) ÚÏÅÄËÉ γ /∈ E-ÓÈÅÉÓ.

ÛÄÌÏÅÉÙÏÈ ÀÓÄÅÄ "ÞËÉÄÒÀÃ" ÓÉÍÂÖËÀÒÖËÉ ÌÏÁÒÖÍÄÁÄÁÉÓ
ÓÉÌÒÀÅËÉÓ ÂÀÍÓÀÆÙÅÒÄÁÀ: ÅÈØÅÀÈ B ÀÒÉÓ ÁÀÆÉÓÉ R2-ÛÉ ÃÀ
E ⊂ Γ2. E-Ó ÄßÏÃÄÁÀ RB-ÓÉÌÒÀÅËÄ, ÈÖ ÀÒÓÄÁÏÁÓ f ∈ L(R2)
×ÖÍØÝÉÀ ÛÄÌÃÄÂÉ ÈÅÉÓÄÁÄÁÉÈ:

DB(γ)

(∫
f, x

)
= ∞ È.Ú. ÚÏÅÄËÉ γ ∈ E-ÓÈÅÉÓ;

f ∈ FB(γ) ÚÏÅÄËÉ γ /∈ E-ÓÈÅÉÓ.

ÝáÀÃÉÀ, ÒÏÌ ÚÏÅÄËÉ RB-ÓÉÌÒÀÅËÄ ÀÒÉÓ WB-ÓÉÌÒÀÅËÄ.

ÒÏÃÄÓÀÝ B = I, ÂÀÌÏÅÉÚÄÍÄÁÈ ÔÄÒÌÉÍÄÁÓ: W ÃÀ R-ÓÉÌÒÀÅËÄ.
R-ÓÉÌÒÀÅËÄ ÃÀ W -ÓÉÌÒÀÅËÄ ÛÄÌÏÙÄÁÖËÉ ÉÚÏ, ÛÄÓÀÁÀÌÉÓÀÃ,
[14] ÃÀ [6] ÛÒÏÌÄÁÛÉ.

ÀáËÀ ÓÀÊÉÈáÉ ÛÄÉÞËÄÁÀ ÃÀÅÓÅÀÈ ÛÄÌÃÄÂÍÀÉÒÀÃ: ÌÏÝÄÌÖËÉ
B ÁÀÆÉÓÉÓÈÅÉÓ ÒÀ ÓÀáÉÓ ÓÉÌÒÀÅËÄÄÁÉ ÀÒÉÀÍ WB-ÓÉÌÒÀÅËÄÄÁÉ
(RB-ÓÉÌÒÀÅËÄÄÁÉ)?

ÛÄÌÃÄÂÉ ÈÄÏÒÄÌÄÁÉ ÂÅÀÞËÄÅÄÍ ÔÏÐÏËÏÂÉÖÒÉ áÀÓÉÀÈÉÓ ÀÖÝÉ-
ËÄÁÄË ÐÉÒÏÁÄÁÓ ÓÉÍÂÖËÀÒÖËÉ ÌÏÁÒÖÍÄÁÄÁÉÓ ÓÉÌÒÀÅËÄÄÁÉ-
ÓÈÅÉÓ.

ÈÄÏÒÄÌÀ 3.1. ÍÄÁÉÓÌÉÄÒÉ ÞÅÒÉÓ ÌÉÌÀÒÈ ÉÍÅÀÒÉÀÍÔÖËÉ B ÁÀÆÉ-
ÓÉÓÈÅÉÓ R2-ÛÉ ÚÏÅÄËÉ WB-ÓÉÌÒÀÅËÄ ÀÒÉÓ Gδσ ÔÉÐÉÓ.

ÈÄÏÒÄÌÀ 3.2. ÍÄÁÉÓÌÉÄÒÉ ÞÅÒÉÓ ÌÉÌÀÒÈ ÉÍÅÀÒÉÀÍÔÖËÉ B ÁÀÆÉ-
ÓÉÓÈÅÉÓ R2-ÛÉ ÚÏÅÄËÉ RB-ÓÉÌÒÀÅËÄ ÀÒÉÓ Gδ ÔÉÐÉÓ.

W ÃÀ R-ÓÉÌÒÀÅËÄÄÁÉÓ ÛÄÌÈáÅÄÅÀÛÉ, 3.1 ÃÀ 3.2 ÈÄÏÒÄÌÄÁÉ
ÃÀÌÔÊÉÝÄÁÖËÉ ÉÚÏ, ÛÄÓÀÁÀÌÉÓÀÃ, Â. ÊÀÒÀÂÖËÉÀÍÉÓ [6] ÃÀ Â.Â.
ÏÍÉÀÍÉÓ [14] ÌÉÄÒ.
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ÀáËÀ ÛÄÌÏÅÉÙÏÈ WB ÃÀ RB-ÓÉÌÒÀÅËÄÈÀ ÝÍÄÁÄÁÉÓ ÛÄÌÃÄÂÉ
ÂÀÍÆÏÂÀÃÄÁÄÁÉ:

ÅÈØÅÀÈ B ÃÀ H ÁÀÆÉÓÄÁÉÀ Rn-ÛÉ, B ⊂ H ÃÀ E ⊂ Γn.
E-Ó ÄßÏÃÄÁÀ WB,H-ÓÉÌÒÀÅËÄ (W

+
B,H-ÓÉÌÒÀÅËÄ), ÈÖ ÀÒÓÄÁÏÁÓ

f ∈ L(Rn) ×ÖÍØÝÉÀ (f ∈ L(Rn), f ≥ 0) ÛÄÌÃÄÂÉ ÈÅÉÓÄÁÄÁÉÈ:

f /∈ FB(γ) ÚÏÅÄËÉ γ ∈ E-ÓÈÅÉÓ;

f ∈ FH(γ) ÚÏÅÄËÉ γ /∈ E-ÓÈÅÉÓ.

ÅÈØÅÀÈ B ÃÀ H ÁÀÆÉÓÄÁÉÀ Rn-ÛÉ, B ⊂ H ÃÀ E ⊂ Γn.
E-Ó ÄßÏÃÄÁÀ RB,H-ÓÉÌÒÀÅËÄ (R

+
B,H-ÓÉÌÒÀÅËÄ), ÈÖ ÀÒÓÄÁÏÁÓ

f ∈ L(Rn) (f ∈ L(Rn), f ≥ 0) ×ÖÍØÝÉÀ ÈÅÉÓÄÁÄÁÉÈ:

DB(γ)

(∫
f, x

)
= ∞ È.Ú. ÚÏÅÄËÉ γ ∈ E-ÓÈÅÉÓ;

f ∈ FH(γ) ÚÏÅÄËÉ γ /∈ E-ÓÈÅÉÓ.

ÈÖ B = H , ÌÀÛÉÍ W+
B,B-ÓÉÌÒÀÅËÉÓ (R

+
B,B-ÓÉÌÒÀÅËÉÓ) ÍÀÝÅ-

ËÀÃ ÂÀÌÏÅÉÚÄÍÄÁÈ ÔÄÒÌÉÍÓ W+
B -ÓÉÌÒÀÅËÄ (R

+
B-ÓÉÌÒÀÅËÄ).

ÛÄÍÉÛÅÍÀ 3.1. ÝáÀÃÉÀ, ÒÏÌ:
1) ÈÖ B = H , ÌÀÛÉÍ WB,B-ÓÉÌÒÀÅËÉÓ (RB,B-ÓÉÌÒÀÅËÉÓ) ÃÀ

WB-ÓÉÌÒÀÅËÉÓ (RB-ÓÉÌÒÀÅËÉÓ) ÝÍÄÁÄÁÉ ÄÒÈÌÀÍÄÈÓ ÄÌÈáÅÄÅÀ;
2) ÚÏÅÄËÉ W+

B,H(R+
B,H)-ÓÉÌÒÀÅËÄ ÀÒÉÓ WB,H(RB,H)-ÓÉÌÒÀÅËÄ;

3) ÚÏÅÄËÉ WB,H(W+
B,H , RB,H , R+

B,H)-ÓÉÌÒÀÅËÄ ÀÒÉÓ WB (W+
B ,

RB , R
+
B)-ÓÉÌÒÀÅËÄ.

ÛÄÍÉÛÅÍÀ 3.2. ÛÄÍÉÛÅÍÀ 3.1-ÉÓ ÂÀÈÅÀËÉÓßÉÍÄÁÉÈ 3.1 ÃÀ 3.2 ÈÄ-
ÏÒÄÌÄÁÉÃÀÍ ÂÅÀØÅÓ: ÈÖ B ÃÀ H ÞÅÒÉÓ ÌÉÌÀÒÈ ÉÍÅÀÒÉÀÍÔÖËÉ
ÁÀÆÉÓÄÁÉÀ ÃÀ B ⊂ H , ÌÀÛÉÍ:
1) ÚÏÅÄËÉ WB,H-ÓÉÌÒÀÅËÄ ÀÒÉÓ Gδ,σ ÔÉÐÉÓ;
2) ÚÏÅÄËÉ RB,H-ÓÉÌÒÀÅËÄ ÀÒÉÓ Gδ ÔÉÐÉÓ.
ÛÄÃÄÂÀÃ, 3.1 ÛÄÍÉÛÅÍÉÓ ÂÀÈÅÀËÉÓßÉÍÄÁÉÈ ÀÓÄÅÄ ÌÉÅÉÙÄÁÈ:

ÚÏÅÄËÉ W+
B,H-ÓÉÌÒÀÅËÄ ÃÀ ÚÏÅÄËÉ W+

B -ÓÉÌÒÀÅËÄ ÀÒÉÓ Gδ,σ

ÔÉÐÉÓ; ÚÏÅÄËÉ R+
B,H-ÓÉÌÒÀÅËÄ ÃÀ R+

B-ÓÉÌÒÀÅËÄ ÀÒÉÓ Gδ ÔÉ-
ÐÉÓ.
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ÈÄÏÒÄÌÀ 3.3. ÅÈØÅÀÈ B ÃÀ H ÁÀÆÉÓÄÁÉÀ R2-ÛÉ ÃÀ B ⊂ H . ÌÀÛÉÍ
RB,H-ÓÉÌÒÀÅËÄÄÁÉÓ (R+

B,H-ÓÉÌÒÀÅËÄÄÁÉÓ) ÀÒÀÖÌÄÔÄÓ ÈÅËÀÃÉ

ÏãÀáÉÓ ÂÀÄÒÈÉÀÍÄÁÀ ÀÒÉÓ WB,H-ÓÉÌÒÀÅËÄ (W+
B,H-ÓÉÌÒÀÅËÄ).

ÀÒÀÝÀÒÉÄËÉ E1 ⊂ Γ2 ÃÀ E2 ⊂ Γ2 ÓÉÌÒÀÅËÄÄÁÉÓÈÅÉÓ ÀÙÅ-
ÍÉÛÍÏÈ: E1E2 = {γ1 ◦ γ2 : γ1 ∈ E1, γ2 ∈ E}. E ⊂ Γ2 ÓÉÌÒÀÅËÄÓ
ÅÖßÏÃÏÈ ÓÉÌÄÔÒÉÖËÉ, ÈÖ E = ΠE.

B ÁÀÆÉÓÓ R2-ÛÉ ÄßÏÃÄÁÀ ÓÉÌÄÔÒÉÖËÉ, ÈÖ B(γ) = B ÚÏÅÄËÉ
γ ∈ Π-ÓÈÅÉÓ. ÛÄÅÍÉÛÍÏÈ, ÒÏÌ I(R2) ÁÀÆÉÓÉ ÓÉÌÄÔÒÉÖËÉÀ.

ÛÄÍÉÛÅÍÀ 3.3. ÅÈØÅÀÈ ÌÏÝÄÌÖËÉÀ B ÃÀ H ÁÀÆÉÓÄÁÉ ÃÀ B ⊂ H .
ÌÀÒÔÉÅÉ ÃÀÓÀÍÀáÉÀ, ÒÏÌ ÈÖ B ÀÒÉÓ ÓÉÌÄÔÒÉÖËÉ, ÌÀÛÉÍ ÚÏÅÄËÉ
WB,H (W+

B,H , RB,H , R
+
B,H)-ÓÉÌÒÀÅËÄ ÓÉÌÄÔÒÉÖËÉÀ.

ÌÄÏÈáÄ ÐÀÒÀÂÒÀ×ÛÉ ÍÀÐÏÅÍÉÀ ÓÉÍÂÖËÀÒÖËÉ ÌÏÁÒÖÍÄÁÄÁÉÓ
ÓÉÌÒÀÅËÄÄÁÉÓ ÆÏÂÉÄÒÈÉ ÊËÀÓÉ. ÌÉÙÄÁÖËÉ ÛÄÃÄÂÄÁÉÃÀÍ ÂÀ-
ÌÏÌÃÉÍÀÒÄÏÁÓ ÓÉÍÂÖËÀÒÖËÉ ÌÏÁÒÖÍÄÁÄÁÉÓ ÀÒÀÖÌÄÔÄÓ ÈÅËÀ-
ÃÉ ÓÉÌÒÀÅËÄÄÁÉÓ ÃÀáÀÓÉÀÈÄÁÀ ÓÉÌÄÔÒÉÖËÉ ÁÀÆÉÓÄÁÉÓÀÈÅÉÓ
BI(R2) ∩BTI ∩BNL ÊËÀÓÉÃÀÍ.

ÈÄÏÒÄÌÀ 4.1. ÅÈØÅÀÈ B ∈ BI(R2) ∩ BTI ∩ BNL. ÌÀÛÉÍ ÚÏÅÄËÉ
ÀÒÀÖÌÄÔÄÓ ÈÅËÀÃÉ E ⊂ Γ2 ÓÉÌÒÀÅËÉÓÈÅÉÓ ÃÀ ÌÉÓÉ ÌÉÃÀÌÏÈÀ
ÚÏÅÄËÉ (Vk) ÌÉÌÃÄÅÒÏÁÉÓÈÅÉÓ, ÀÒÓÄÁÏÁÓ ÀÒÀÖÀÒÚÏ×ÉÈÉ f ∈
L(R2) ×ÖÍØÝÉÀ ÉÓÄÈÉ, ÒÏÌ:

1) ÚÏÅÄËÉ γ ∈ E-ÓÈÅÉÓ, DB(γ)(
∫
f, x) = ∞ È.Ú.;

2) ÚÏÅÄËÉ k ∈ N-ÓÈÅÉÓ, f ∈ FI(Γ2\ΠVk). ÛÄÃÄÂÀÃ, ÚÏÅÄËÉ
γ /∈

∩∞
k=1ΠVk-ÓÈÅÉÓ ÂÅÀØÅÓ: f ∈ FI(γ);

3) ÈÖ γ ∈ Γ2-ÓÈÅÉÓ DB(γ)(
∫
f, x) = ∞ ÓÒÖËÃÄÁÀ ÒÀÉÌÄ ÃÀ-

ÃÄÁÉÈÉ ÆÏÌÉÓ ÓÉÌÒÀÅËÄÆÄ, ÌÀÛÉÍ ÉÂÉÅÄ ÐÉÒÏÁÀ ÓÀÌÀÒÈËÉÀÍÉÀ
ÈÉÈØÌÉÓ ÚÅÄËÂÀÍ.

ÛÄÃÄÂÉ 4.1. ÅÈØÅÀÈ B ∈ BI(R2) ∩BTI ∩BNL. ÌÀÛÉÍ:
1) ÚÏÅÄËÉ ÀÒÀÖÌÄÔÄÓ ÈÅËÀÃÉ ÓÉÌÄÔÒÉÖËÉ E ⊂ Γ2 ÓÉÌÒÀÅËÄ

ÀÒÉÓ W+
B,I-ÓÉÌÒÀÅËÄ;

2) ÚÏÅÄËÉ ÀÒÀÖÌÄÔÄÓ ÈÅËÀÃÉ ÓÉÌÄÔÒÉÖËÉ Gδ ÔÉÐÉÓ ÓÉÌ-
ÒÀÅËÄ ÀÒÉÓ R+

B,I-ÓÉÌÒÀÅËÄ.

3.1 ÃÀ 3.2 ÈÄÏÒÄÌÄÁÉÓ ÂÀÈÅÀËÉÓßÉÍÄÁÉÈ 4.1 ÛÄÃÄÂÉÃÀÍ ÌÉ-
ÅÉÙÄÁÈ ÛÄÌÃÄÂ ÃÄÁÖËÄÁÀÓ.
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ÛÄÃÄÂÉ 4.2. ÅÈØÅÀÈ B ÓÉÌÄÔÒÉÖËÉ ÁÀÆÉÓÉÀ BI(R2) ∩BTI ∩BNL

ÊËÀÓÉÃÀÍ. ÌÀÛÉÍ:
1) ÀÒÀÖÌÄÔÄÓ ÈÅËÀÃÉ E ⊂ Γ2 ÓÉÌÒÀÅËÄ ÀÒÉÓ WB,I-ÓÉÌÒÀÅËÄ

(W+
B,I-ÓÉÌÒÀÅËÄ) ÌÀÛÉÍ ÃÀ ÌáÏËÏÃ ÌÀÛÉÍ, ÒÏÝÀ E ÀÒÉÓ ÓÉ-

ÌÄÔÒÉÖËÉ;
2) ÀÒÀÖÌÄÔÄÓ ÈÅËÀÃÉ E ⊂ Γ2 ÓÉÌÒÀÅËÄ ÀÒÉÓ RB,I-ÓÉÌÒÀÅËÄ

(R+
B,I-ÓÉÌÒÀÅËÄ) ÌÀÛÉÍ ÃÀ ÌáÏËÏÃ ÌÀÛÉÍ, ÒÏÝÀ E ÀÒÉÓ ÓÉÌÄ-

ÔÒÉÖËÉ ÃÀ Gδ ÔÉÐÉÓ.

ÈÄÏÒÄÌÀ 4.1-ÃÀÍ ÀÂÒÄÈÅÄ ÌÉÉÙÄÁÀ ÛÄÌÃÄÂÉ ÃÄÁÖËÄÁÀ.

ÛÄÃÄÂÉ 4.3. ÅÈØÅÀÈ B ∈ BI(R2) ∩ BTI ∩ BNL. ÌÀÛÉÍ ÀÒÓÄÁÏÁÓ
ÀÒÀÖÀÒÚÏ×ÉÈÉ f ∈ L(R2) ×ÖÍØÝÉÀ, ÒÏÌËÉÓÈÅÉÓÀÝ ÓÉÌÒÀÅËÄ

{γ ∈ Γ2 : DB(γ)

(∫
f, x

)
= ∞ È.Ú.}

ÀÒÉÓ ÌÄÏÒÄ ÊÀÔÄÂÏÒÉÉÓ ÃÀ, ÛÄÃÄÂÀÃ, ÊÏÍÔÉÍÖÖÌÉÓ ÓÉÌÞËÀÅ-
ÒÉÓ.

ÛÄÃÄÂÉ 4.4. ÅÈØÅÀÈ B ∈ BI(R2) ∩ BTI ∩ BNL. ÌÀÛÉÍ ÀÒÓÄÁÏÁÓ

W+
B,I-ÓÉÌÒÀÅËÄ, ÒÏÌÄËÉÝ ÀÒÉÓ ÌÄÏÒÄ ÊÀÔÄÂÏÒÉÉÓ ÃÀ ÛÄÃÄÂÀÃ

ÊÏÍÔÉÍÖÖÌÉÓ ÓÉÌÞËÀÅÒÉÓ.

ÅÉÔÚÅÉÈ, ÒÏÌ B ÁÀÆÉÓÓ ÀØÅÓ ÓÖÓÔÉ ÁÄÆÉÊÏÅÉÜÉÓ ÈÅÉÓÄÁÀ,
ÈÖ ÚÏÅÄËÉ ÀÒÀÖÀÒÚÏ×ÉÈÉ f ∈ L(Rn) ×ÖÍØÝÉÉÓÀÈÅÉÓ

{x : f(x) < DB(
∫
f, x) < ∞}

ÓÉÌÒÀÅËÄ ÀÒÉÓ ÍÖËÉ ÆÏÌÉÓ. ÛÄÅÍÉÛÍÏÈ, ÒÏÌ Ì. ÂÖÓÌÀÍÉÓ ÃÀ
Ì. ÌÄÍÀÒÂÄÓÉÓ ÛÄÃÄÂÉÓ ÞÀËÉÈ (Éá. [5, Ch. IV, §3]) ÚÏÅÄË
B ∈ BI(R2) ∩ BBF ∩ BHI ÁÀÆÉÓÓ ÀØÅÓ ÓÖÓÔÉ ÁÄÆÉÊÏÅÉÜÉÓ ÈÅÉ-
ÓÄÁÀ. ÀØÅÄ ÛÄÅÍÉÛÍÏÈ, ÒÏÌ [17]-ÛÉ ÍÀÐÏÅÍÉÀ ÉÍÔÄÒÅÀËÄÁÉÓÀÂÀÍ
ÛÄÃÂÄÍÉË ÁÀÆÉÓÈÀ Ö×ÒÏ ÆÏÂÀÃÉ ÊËÀÓÉ, ÒÏÌÄËÓÀÝ ÀØÅÈ ÓÖ-
ÓÔÉ ÁÄÆÉÊÏÅÉÜÉÓ ÈÅÉÓÄÁÀ.
ÛÄÌÃÄÂÉ ÃÄÁÖËÄÁÀ ÂÀÌÏÌÃÉÍÀÒÄÏÁÓ 4.3 ÛÄÃÄÂÉÃÀÍ.

ÛÄÃÄÂÉ 4.5. ÅÈØÅÀÈ B ∈ BI(R2) ∩ BTI ∩ BNL. ÈÖ ÃÀÌÀÔÄÁÉÈ
ÝÍÏÁÉËÉÀ, ÒÏÌ B ÁÀÆÉÓÓ ÀØÅÓ ÓÖÓÔÉ ÁÄÆÉÊÏÅÉÜÉÓ ÈÅÉÓÄÁÀ,
ÌÀÛÉÍ ÀÒÓÄÁÏÁÓ ÌÄÏÒÄ ÊÀÔÄÂÏÒÉÉÓ ÃÀ, ÛÄÃÄÂÀÃ, ÊÏÍÔÉÍÖÖÌÉÓ
ÓÉÌÞËÀÅÒÉÓ R+

B,I-ÓÉÌÒÀÅËÄ.
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ÒÀÃÂÀÍÀÝ ÍÄÁÉÓÌÉÄÒÉ B ∈ BI(R2) ÁÀÆÉÓÉÓÈÅÉÓ WB,I (W+
B,I,

RB,I, R
+
B,I)-ÓÉÌÒÀÅËÄ ÀÒÉÓ WB (W+

B , RB , R
+
B)-ÓÉÌÒÀÅËÄ, ÀÌÉ-

ÔÏÌ 4.1-4.5 ÛÄÃÄÂÄÁÉÃÀÍ ÂÀÌÏÌÃÉÍÀÒÄÏÁÄÍ ÛÄÓÀÁÀÌÉÓÉ ÃÄÁÖ-
ËÄÁÉ WB (W+

B , RB, R
+
B)-ÓÉÌÒÀÅËÄÄÁÉÓÈÅÉÓ, ÊÄÒÞÏÃ, 4.2 ÛÄÃÄ-

ÂÉÃÀÍ ÂÀÌÏÌÃÉÍÀÒÄÏÁÓ ÛÄÌÃÄÂÉ ÃÄÁÖËÄÁÀ.

ÛÄÃÄÂÉ 4.6. ÅÈØÅÀÈ B ÀÒÉÓ ÓÉÌÄÔÒÉÖËÉ ÁÀÆÉÓÉ BI(R2) ∩BTI ∩
BNL ÊËÀÓÉÃÀÍ. ÌÀÛÉÍ:

1) ÀÒÀÖÌÄÔÄÓ ÈÅËÀÃÉ E ⊂ Γ2 ÓÉÌÒÀÅËÄ ÀÒÉÓ WB (W+
B )-

ÓÉÌÒÀÅËÄ ÌÀÛÉÍ ÃÀ ÌáÏËÏÃ ÌÀÛÉÍ, ÒÏÃÄÓÀÝ E ÀÒÉÓ ÓÉÌÄÔ-
ÒÉÖËÉ;

2) ÀÒÀÖÌÄÔÄÓ ÈÅËÀÃÉ E ⊂ Γ2 ÓÉÌÒÀÅËÄ ÀÒÉÓ RB (R+
B)-

ÓÉÌÒÀÅËÄ ÌÀÛÉÍ ÃÀ ÌáÏËÏÃ ÌÀÛÉÍ, ÒÏÃÄÓÀÝ E ÀÒÉÓ ÓÉÌÄÔ-
ÒÉÖËÉ ÃÀ Gδ ÔÉÐÉÓ.

4.1 ÈÄÏÒÄÌÀ ÃÀ ÌÉÓÉ ÛÄÃÄÂÄÁÉ, B = I ÛÄÌÈáÅÄÅÀÛÉ, ÃÀÌÔÊÉ-
ÝÄÁÖËÉ ÉÚÏ [14]-ÛÉ.

ÌÄáÖÈÄ ÐÀÒÀÂÒÀ×ÛÉ ÌÏÝÄÌÖËÉÀ WB ÃÀ RB-ÓÉÌÒÀÅËÄÄÁÉÓ
ÓÒÖËÉ ÃÀáÀÓÉÀÈÄÁÀ ÁÀÆÉÓÈÀ ÓÀÊÌÀÏÃ ×ÀÒÈÏ ÊËÀÓÉÓÀÈÅÉÓ.
Â. ÊÀÒÀÂÖËÉÀÍÌÀ [6] ÃÀÀÃÂÉÍÀ W ÃÀ R-ÓÉÌÒÀÅËÄÄÁÉÓ ÓÒÖËÉ

ÃÀáÀÓÉÀÈÄÁÀ, ÓÀáÄËÃÏÁÒ, [6]-ÛÉ ÃÀÌÔÊÉÝÄÁÖËÉÀ, ÒÏÌ:
1) E ⊂ Γ2 ÓÉÌÒÀÅËÄ ÀÒÉÓ W -ÓÉÌÒÀÅËÄ ÌÀÛÉÍ ÃÀ ÌáÏËÏÃ

ÌÀÛÉÍ, ÒÏÝÀ E ÀÒÉÓ ÓÉÌÄÔÒÉÖËÉ ÃÀ Gδσ ÔÉÐÉÓ.
2) E ⊂ Γ2 ÓÉÌÒÀÅËÄ ÀÒÉÓ R-ÓÉÌÒÀÅËÄ ÌÀÛÉÍ ÃÀ ÌáÏËÏÃ

ÌÀÛÉÍ, ÒÏÝÀ E ÀÒÉÓ ÓÉÌÄÔÒÉÖËÉ ÃÀ Gδ ÔÉÐÉÓ.

[6]-ÛÉ ÛÄÌÏÈÀÅÀÆÄÁÖËÉ ÃÀÌÔÊÉÝÄÁÉÓ ÓØÄÌÉÓ ÂÀÍÅÉÈÀÒÄÁÉÓ
ÌÄÛÅÄÏÁÉÈ, ÜÅÄÍ ÃÀÅÀÃÂÉÍÄÈ WB ÃÀ RB-ÓÉÌÒÀÅËÄÄÁÉÓ ÃÀáÀ-
ÓÉÀÈÄÁÀ ÁÀÆÉÓÈÀ ×ÀÒÈÏ ÊËÀÓÉÓÈÅÉÓ. ÊÄÒÞÏÃ, ÓÀÌÀÒÈËÉÀÍÉÀ
ÛÄÌÃÄÂÉ ÈÄÏÒÄÌÀ.

ÈÄÏÒÄÌÀ 5.1. ÈÖ B ∈ BI(R2) ∩ BBF ∩ BTI ∩ BNL ÁÀÆÉÓÓ ÀØÅÓ
ÀÒÀÒÄÂÖËÀÒÖËÉ Ó×ÄÒÖËÉ ÌÏÀÒÛÉÄÁÉÓ ×ÖÍØÝÉÀ, ÊÄÒÞÏÃ, ÈÖ
B ∈ BI(R2) ∩BBF ∩BHI ∩BNL (Éá. ËÄÌÀ 1.4), ÌÀÛÉÍ:

1) ÚÏÅÄËÉ ÓÉÌÄÔÒÉÖËÉ Gδσ ÔÉÐÉÓ E ⊂ Γ2 ÓÉÌÒÀÅËÄ ÀÒÉÓ
WB,I-ÓÉÌÒÀÅËÄ;

2) ÚÏÅÄËÉ ÓÉÌÄÔÒÉÖËÉ Gδ ÔÉÐÉÓ E ⊂ Γ2 ÓÉÌÒÀÅËÄ ÀÒÉÓ
RB,I-ÓÉÌÒÀÅËÄ.
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ÈÄÏÒÄÌÀ 5.1-ÉÓ ÐÉÒÅÄËÉ ßÉÍÀÃÀÃÄÁÀ ÌÉÉÙÄÁÀ ÌÄÏÒÄÃÀÍ ÈÄ-
ÏÒÄÌÀ 3.3-ÉÓ ÓÀ×ÖÞÅÄËÆÄ.

3.1 ÃÀ 3.2 ÈÄÏÒÄÌÄÁÉÓ ÂÀÈÅÀËÉÓßÉÍÄÁÉÈ ÈÄÏÒÄÌÀ 5.1-ÃÀÍ
ÌÉÉÙÄÁÀ ÛÄÌÃÄÂÉ ÃÄÁÖËÄÁÀ.

ÛÄÃÄÂÉ 5.1. ÈÖ B ∈ BI(R2) ∩BBF ∩BTI ∩BNL ÓÉÌÄÔÒÉÖË ÁÀÆÉÓÓ
ÀØÅÓ ÀÒÀÒÄÂÖËÀÒÖËÉ Ó×ÄÒÖËÉ ÌÏÀÒÛÉÄÁÉÓ ×ÖÍØÝÉÀ, ÊÄÒÞÏÃ,
ÈÖ B ÀÒÉÓ ÓÉÌÄÔÒÉÖËÉ ÃÀ B ∈ BI(R2)∩BBF∩BHI∩BNL, ÌÀÛÉÍ:

1) E ⊂ Γ2 ÀÒÉÓ WB,I-ÓÉÌÒÀÅËÄ ÌÀÛÉÍ ÃÀ ÌáÏËÏÃ ÌÀÛÉÍ,
ÒÏÃÄÓÀÝ E ÀÒÉÓ ÓÉÌÄÔÒÉÖËÉ ÃÀ Gδσ ÔÉÐÉÓ;

2) E ⊂ Γ2 ÀÒÉÓ RB,I-ÓÉÌÒÀÅËÄ ÌÀÛÉÍ ÃÀ ÌáÏËÏÃ ÌÀÛÉÍ,
ÒÏÃÄÓÀÝ E ÀÒÉÓ ÓÉÌÄÔÒÉÖËÉ ÃÀ Gδ ÔÉÐÉÓ.

ÛÄÃÄÂÉ 5.2. ÈÖ B ∈ BI(R2)∩BBF∩BTI∩BNL ÓÉÌÄÔÒÉÖË ÁÀÆÉÓÓ
ÀØÅÓ ÀÒÀÒÄÂÖËÀÒÖËÉ Ó×ÄÒÖËÉ ÌÏÀÒÛÉÄÁÉÓ ×ÖÍØÝÉÀ, ÊÄÒÞÏÃ,
ÈÖ B ÀÒÉÓ ÓÉÌÄÔÒÉÖËÉ ÃÀ B ∈ BI(R2)∩BBF∩BHI∩BNL, ÌÀÛÉÍ:

1) E ⊂ Γ2 ÀÒÉÓ WB-ÓÉÌÒÀÅËÄ ÌÀÛÉÍ ÃÀ ÌáÏËÏÃ ÌÀÛÉÍ,
ÒÏÃÄÓÀÝ E ÀÒÉÓ ÓÉÌÄÔÒÉÖËÉ ÃÀ Gδσ ÔÉÐÉÓ;

2) E ⊂ Γ2 ÀÒÉÓ RB-ÓÉÌÒÀÅËÄ ÌÀÛÉÍ ÃÀ ÌáÏËÏÃ ÌÀÛÉÍ,
ÒÏÃÄÓÀÝ E ÀÒÉÓ ÓÉÌÄÔÒÉÖËÉ ÃÀ Gδ ÔÉÐÉÓ.

ÈÄÏÒÄÌÀ 5.1-ÉÓ ÃÀÌÔÊÉÝÄÁÀÛÉ ÀÂÄÁÖËÉ ×ÖÍØÝÉÀ ÙÄÁÖËÏÁÓ
ÒÏÂÏÒÝ ÃÀÃÄÁÉÈ, ÀÓÄÅÄ ÖÀÒÚÏ×ÉÈ ÌÍÉÛÅÍÄËÏÁÄÁÓ. ÀÌÉÔÏÌ
ÈÄÏÒÄÌÀ 5.1-ÉÓ ÃÀÌÔÊÉÝÄÁÉÓ ÌÄÈÏÃÉ ÀÒ ÂÅÀÞËÄÅÓ ÓÀÛÖÀËÄ-
ÁÀÓ ÃÀÅÀáÀÓÉÀÈÏÈ W+

B ÃÀ R+
B-ÓÉÌÒÀÅËÄÄÁÉ. ÛÄÅÍÉÛÍÀÅÈ, ÒÏÌ

W+
B ÃÀ R+

B ÓÉÌÒÀÅËÄÄÁÉÓ ÃÀáÀÓÉÀÈÄÁÉÓ ÀÌÏÝÀÍÀ ÙÉÀÀ B = I
ÛÄÌÈáÅÄÅÀÛÉÝ ÊÉ.

ÌÄÄØÅÓÄ ÐÀÒÀÂÒÀ×ÛÉ ÀÂÄÁÖËÉÀ ÓÉÍÂÖËÀÒÖËÉ ËÄÁÄÂ-ÓÔÉË-
ÔÉÄÓÉÓ ÆÏÌÄÁÉ, ÒÏÌËÄÁÓÀÝ ÀØÅÈ ÈÉÈØÌÉÓ ÚÅÄËÂÀÍ "ÀÒÀØÒÏ-
ÁÀÃÉ" ÓÀÛÖÀËÏÄÁÉ.
ËÄÁÄÂ-ÓÔÉËÔÉÄÓÉÓ µ ÆÏÌÉÓ ÃÀ B ÁÀÆÉÓÉÓÈÅÉÓ

DB(µ, x) = lim
R∈B(x), diamR→0

µ(R)

|R|
, D B(µ, x) = lim

R∈B(x), diamR→0

µ(R)

|R|

ÒÉÝáÅÄÁÓ ÄßÏÃÄÁÀ µ ÆÏÌÉÓ ÆÄÃÀ ÃÀ ØÅÄÃÀ ßÀÒÌÏÄÁÖËÉ B
ÁÀÆÉÓÉÓ ÌÉÌÀÒÈ x ßÄÒÔÉËÛÉ. ÈÖ ÆÄÃÀ ÃÀ ØÅÄÃÀ ßÀÒÌÏÄÁÖËÄÁÉ
ÄÒÈÌÀÍÄÈÓ ÄÌÈáÅÄÅÀ, ÌÀÛÉÍ ÌÀÈ ÓÀÄÒÈÏ ÌÍÉÛÅÍÄËÏÁÀÓ ÄßÏÃÄÁÀ
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µ ÆÏÌÉÓ ßÀÒÌÏÄÁÖËÉ B ÁÀÆÉÓÉÓ ÌÉÌÀÒÈ x ßÄÒÔÉËÛÉ ÃÀ
ÀÙÉÍÉÛÍÄÁÀ ÛÄÌÃÄÂÍÀÉÒÀÃ DB(µ, x).
ÅÉÔÚÅÉÈ, ÒÏÌ B ÁÀÆÉÓÉ ÀÃÉ×ÄÒÄÍÝÉÒÄÁÓ µ ËÄÁÄÂ-ÓÔÉË-

ÔÉÄÓÉÓ ÆÏÌÀÓ, ÈÖ DB(µ, x) ÀÒÓÄÁÏÁÓ ÈÉÈØÌÉÓ ÚÏÅÄËÉ x ∈ Rn-
ÓÈÅÉÓ;
ËÄÁÄÂ-ÓÔÉËÔÉÄÓÉÓ µ ÆÏÌÀÓ ÄßÏÃÄÁÀ:

• ÓÉÍÂÖËÀÒÖËÉ, ÈÖ ÀÒÓÄÁÏÁÓ ÁÏÒÄËÉÓ E ÓÉÌÒÀÅËÄ ÉÓÄ-
ÈÉ, ÒÏÌ |E| = 0 ÃÀ µ(A) = µ(A ∩ E) ÚÏÅÄËÉ ÁÏÒÄËÉÓ
A ÓÉÌÒÀÅËÉÓÈÅÉÓ;

• ÃÉÓÊÒÄÔÖËÉ, ÈÖ ÌÀÓ ÀØÅÓ ÓÀáÄ: µ =
∑

k∈Nmkδak , ÓÀÃÀÝ
mk ≥ 0 ÃÀ δak ÀÒÉÓ ÃÉÒÀÊÉÓ ÆÏÌÀ, ÒÏÌËÉÓ ÓÀÚÒÃÄÍÉ
ÀÒÉÓ ak ßÄÒÔÉËÉ.

ÝáÀÃÉÀ, ÒÏÌ ÚÏÅÄËÉ ÃÉÓÊÒÄÔÖËÉ ËÄÁÄÂ-ÓÔÉËÔÉÄÓÉÓ ÆÏÌÀ
ÀÒÉÓ ÓÉÍÂÖËÀÒÖËÉ.

ÝÍÏÁÉËÉÀ, ÒÏÌ (Éá., ÌÀÂ., [21, Ch. V, §7]) ÈÖ µ ÀÒÉÓ ÓÉÍ-
ÂÖËÀÒÖËÉ ËÄÁÄÂ-ÓÔÉËÔÉÄÓÉÓ ÆÏÌÀ, ÌÀÛÉÍ

DQ(µ, x) = 0 ÈÉÈØÌÉÓ ÚÅÄËÂÀÍ.

ÓÉÍÂÖËÀÒÖËÉ ËÄÁÄÂ-ÓÔÉËÔÉÄÓÉÓ ÆÏÌÄÁÉ ÊÀÒÂÀÅÄÍ "ØÒÏÁÀ-
ÃÏÁÉÓ" ÈÅÉÓÄÁÀÓ, ÈÖ Q ÛÄÝÅËÉËÉÀ ÍÄÁÉÓÌÉÄÒÉ ÞÅÒÉÓ ÌÉ-
ÌÀÒÈ ÉÍÅÒÉÀÍÔÖËÉ ÁÀÆÉÓÉÈ, ÒÏÌÄËÉÝ ÀÒ ÀÃÉ×ÄÒÄÍÝÉÒÄÁÓ
L(Rn)ÊËÀÓÓ. Ö×ÒÏ ÌÄÔÉÝ, ÓÀÌÀÒÈËÉÀÍÉÀ ÛÄÌÃÄÂÉ ÈÄÏÒÄÌÀ.

ÈÄÏÒÄÌÀ 6.1. ÍÄÁÉÓÌÉÄÒÉ ÞÅÒÉÓ ÌÉÌÀÒÈ ÉÍÅÀÒÉÀÍÔÖËÉ B ÁÀ-
ÆÉÓÉÓÈÅÉÓ, ÒÏÌÄËÉÝ ÀÒ ÀÃÉ×ÄÒÄÍÝÉÒÄÁÓ L(Rn)-Ó, ÀÒÓÄÁÏÁÓ
ÃÉÓÊÒÄÔÖËÉ ÓÀÓÒÖËÉ ËÄÁÄÂ-ÓÔÉËÔÉÄÓÉÓ ÆÏÌÀ µ, ÉÓÄÈÉ, ÒÏÌ

DB(µ, x) = ∞ ÈÉÈØÌÉÓ ÚÅÄËÂÀÍ.

B = I ÛÄÌÈáÅÄÅÀÛÉ, ÈÄÏÒÄÌÀ 6.1 ÂÀÌÏÌÃÉÍÀÒÄÏÁÓ Â. ÊÀÒÀÂÖ-
ËÉÀÍÉÓ [7] ÛÄÃÄÂÉÃÀÍ Rn-ÛÉ ÛÄÌÈáÅÄÅÉÈÉ ÆÏÌÄÁÉÓ ÛÄÓÀáÄÁ.
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Topicality of Research. The study of the influence of a change
of variable on analytical properties of a function is one of the im-
portant problems in harmonic analysis. The following two main
questions were the object of research in this direction: 1) Is it
possible to achieve fulfillment of a given analytical property of a
function by means of a change of variable of given type? 2) What
kind of changes of variable conserves a given analytical property of
a function? In connection with above mentioned problems, the im-
portant results were obtained by H. Bohr, A. Beurling and H. Hel-
son, A. Olevskii, J.-P. Kahane and Y. Katznelson, A. Saakyan,
U. Jurkat and D. Waterman, A. Baerstein and D. Waterman, in
the case, when analytical property of a function is an uniform or
absolute convergence of Fourier trigonometric series and a change
of variable is a homeomorphism of torus. The possibility of im-
provement and conservation of function differential properties by
means of homeomorphic mapping were studied by E. Brukner and
C. Goffman, M. Laczkovich and D. Preiss. Abovementioned results
are given in the review work by Olevskii [11] and in the monograph
by C. Goffman, T. Nishiura and D. Waterman [4].

The study of the influence of a choice of coordinate axes (i.e.
changing a variable, which is a rotation around the origin) on the
properties of summable functions of several variables was initi-
ated by A.Zygmund, in particular, he posed a problem concern-
ing the possibility of achieving strong differentiability by means
of rotations. The problems on the possibility of achieving and
conservation of the properties of strong integral means’ conver-
gence, convergence of multiple Fourier series and Fourier integrals
in Pringsheim sense and belonging to the classes of functions with
bounded variation in various senses in case of rotations, were stud-
ied by J. Marstrand, B. Lopez-Melero, A. Stokolos, G. G. Oniani,
G. Lepsveridze, G. Karagulyan, M. Dyachenko and O. Dragoshan-
skii.
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The Aim of Dissertation. The proposed dissertation is aimed
at: the study of A. Zygmund’s problem on possibility of achieve-
ment of strong differentiability of an integral by means of a ro-
tation (i.e. choosing coordinate axes) for general classes of bases;
investigation of question of conservation of integral differentiation
property in case of rotations for translation invariant bases consist-
ing of multi-dimensional intervals; the study of singularities from
the standpoint of differentiability of the integral with respect to
a given basis, which may have a fixed function for various choices
of coordinate axes; the study of differential properties of singular
Lebesgue-Stieltjes measures.

Research Novelty.

1) There is given a solution of A. Zygmund’s problem for
Busemann-Feller and homothecy invariant bases, in par-
ticular, it is established, that if a basis of such type is
nonstandard (i.e. if it does not differentiate the integral of
some summable function), then there exists a function for
which the differentiability of integral can not be achieved
by means of rotations;

2) It is established that for an arbitrary translation invariant
nonstandard basis consisting of multi-dimensional inter-
vals, integral differentiation property is not conserved in
case of rotations;

3) It is introduced the definitions of sets of singular rotations.
These sets express the singularities, which may have a fixed
function for various choices of coordinate axes from the
standpoint of differentiability of the integral with respect
to a given basis. It is established topological structure of
sets of singular rotations;

4) It is given a characterization of not more than countable
sets of singular rotations for an arbitrary translation in-
variant nonstandard basis formed of two-dimensional in-
tervals;
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5) It is given a complete characterization of sets of singular
rotations for an arbitrary Busemann-Feller, homothecy in-
variant, nonstandard and symmetric basis formed of two-
dimensional intervals.

6) It is established that singular Lebesgue–Stieltjes measures
do not have the property of vanishing of means almost ev-
erywhere for any translation invariant nonstandard basis.

Approbation of Work. The dissertation results have been pre-
sented at V International Conference of the Georgian Mathemat-
ical Union (September 8–12, 2014, Batumi, Georgia); VI Inter-
national Conference of the Georgian Mathematical Union (July
12–16, 2015, Batumi, Georgia); Swedish–Georgian Conference in
Analysis & Dynamical Systems (July 15–22, 2015, Tbilisi, Geor-
gia); International Conference “Function Spaces and Function Ap-
proximation Theory” dedicated to the 110th anniversary of Aca-
demician S. M. Nikolskii (May 25–29, 2015, Moscow, Russia); In-
ternational Conference “Harmonic Analysis and Integral theory”
dedicated to the 80th Jubelee of Professor V.A. Skvortsov (Sep-
tember 23–24, 2015, Moscow, Russia).

Publication. There are published six scientific works, which are
listed below the text of this author’s abstract.

The size and the structure. The dissertation contains 80 pages.
It consists of the introduction, six sections and bibliography. The
bibliography contains 32 names.

Content of Dissertation

First let us introduce some definitions and recall some results
from the differentiation theory of integrals.

A mapping B defined on Rn is said to be a differentiation basis
if for every x ∈ Rn, B(x) is a family of bounded measurable sets
with positive measure and containing x, such that there exists a
sequence Rk ∈ B(x) (k ∈ N) with lim

k→∞
diamRk = 0.
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For f ∈ L(Rn), the numbers

DB

(∫
f, x

)
= lim

R∈B(x)
diamR→0

1

|R|

∫
R
f, D B

(∫
f, x

)
= lim

R∈B(x)
diamR→0

1

|R|

∫
R
f

are called the upper and the lower derivative, respectively, of the
integral of f at a point x. If the upper and the lower derivative
coincide, then their combined value is called the derivative of

∫
f

at a point x and denoted by DB(
∫
f, x). We say that the basis

B differentiates
∫
f (or

∫
f is differentiable with respect to B) if

DB(
∫
f, x) = D B(

∫
f, x) = f(x) for almost all x ∈ Rn. If this is

true for each f in the class of functions X we say that B differen-
tiates X.

Denote by Q = Q(Rn), I = I(Rn) and P = P(Rn) the bases of
for which:

• Q(x) (x ∈ Rn) consists of all open n-dimensional cubic
intervals containing x;

• I(x) (x ∈ Rn) consists of all open n-dimensional intervals
containing x;

• P(x) (x ∈ Rn) consists of all open n-dimensional rectangles
containing x.

Note that differentiation with respect to Q and I are called
ordinary and strong differentiation, respectively.

About the bases Q, I and P there are known following funda-
mental results (see e.g. [5]):

The basis of cubes Q differentiates L(Rn) (A. Lebesgue, 1910);
The basis of intervals I differentiates L(1 + ln+ L)n−1(Rn)

(B. Jessen, I. Marcinkiewicz and A. Zygmund, 1935);
The basis of intervals I does not differentiate L(Rn), moreover,

I does not differentiate any integral class φ(L)(Rn) wider than
L(1 + ln+ L)n−1(Rn) (S. Saks, 1935);

The basis of rectangles P does not differentiate even the class
L∞(Rn) ∩ L(Rn) (A. Zygmund, 1927).

For a basis B, we denote by B the union of families B(x) (x ∈
Rn).
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A basis B is called:
translation invariant (briefly, TI-basis) if B(x) = {x+R : R ∈

B(0)} for every x ∈ Rn;
homothecy invariant (briefly, HI-basis) if for every x ∈ Rn, R ∈

B(x) and a homothethy H with the centre at x we have that
H(R) ∈ B(x);

formed of sets from the class ∆ if B ⊂ ∆;
convex if it is formed of the class of all convex sets;
Busemann–Feller basis if it is formed of open sets and the fol-

lowing condition holds: (x ∈ Rn, R ∈ B(x), y ∈ R) ⇒ R ∈ B(y).
Let us introduce the following notation:
BTI is the class of all translation invariant bases;
BHI is the class of all homothecy invariant bases;
BBF is the class of all Busemann–Feller bases;
BNL is the class of all bases which does not differentiate L(Rn).
Note that if B ∈ BBF ∩ BHI, then B ∈ BTI (see e.g. [12,

Ch. I, §3]).
A basis B is called sub-basis of a basis B′(denoted as B ⊂ B′)

if B(x) ⊂ B′(x) for every x ∈ Rn. For a basis B by BB we will
denote the class of all sub-basis of B.

The maximal operator MB and truncated maximal operator M δ
B

(δ > 0) corresponding to a basis B are defined as follows

MB(f)(x) = sup
R∈B(x)

1

|R|

∫
R
|f |,

M δ
B(f)(x) = sup

R∈B(x),diamR<δ

1

|R|

∫
R
|f |,

where f ∈ Lloc(Rn) and x ∈ Rn.
Note that if B is translation invariant or Busemann–Feller basis,

then for any f the functions DB

(∫
f, ·

)
, DB

(∫
f, ·

)
, MB(f) and

M δ
B(f) are measurable (see e.g. [5] or [12]).
In what follows the dimension of the space Rn is assumed to be

greater than 1.
For a basis B by FB denote the class of all functions f ∈ L(Rn)

the integrals of which are differentiable with respect to B.
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By Γn denote the family of all rotations in Rn.
We say that a function f is reduced in the class F by a trans-

formation of a variable γ if f ◦ γ ∈ F .

The work contains six sections.
In the first section of the work it is studied a problem of A. Zyg-

mund concerning a possibility of improvement of function prop-
erties by means of choosing of coordinate axes(i.e. by means of a
change of variable which is a rotation).

The question on possibility of improvement of a function prop-
erties by means of change of variable has quite rich history. Con-
cerning the possibility of improvement Fourier trigonometric series
behaviour by means of homeomorphic change of variable there are
known important results of H. Bohr, A. Olevskii, J.-P. Kahane
and Y. Katznelson, A. Saakyan (see e.g. [11], [4], [18]).

In the integral differentiation theory the study of the above
mentioned question was began by the following problem of A. Zyg-
mund (see [5, Ch. IV, §2]): Can an arbitrary function f ∈ L(R2) be
reduced in the class FI by means of a rotation of coordinate axes?

J. Marstrand [10] gave the negative answer to the problem by
constructing a non-negative function f ∈ L(R2) such that f ◦ γ /∈
FI for any rotation γ ∈ Γ2.

The problem of A. Zygmund in general setting is formulated as
follows: Let B be a translation invariant basis which does not dif-
ferentiate L(Rn). Does there exist a function f ∈ L(Rn) which can
not be reduced in class FB by means of rotation of coordinate axes?
To formulate the known results in this direction let us introduce
some definitions.

For a translation invariant basis B by G. G. Oniani (see [12,
Ch. II, §1] or [13]) it was defined the following function

σB(λ) = lim
t→∞

lim
ε→0

|{M tε
B (χVε) > λ}|

|Vε|
(0 < λ < 1),

where Vε is the ball with centre at the origin and with the radius ε.
Here and below everywhere χE denotes the characteristic function
of a set E. We will call σB spherical halo function of B.

It is easy to check that:
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1) If B ∈ BTI is a convex basis, then due to the following
estimation (see [13, Lemma 1]) MB(χVε)(x) ≤ Cε/ dist(x, Vε) (x /∈
V2ε) we have

σB(λ) = lim
ε→0

|{MB(χVε) > λ}|
|Vε|

;

2) If B ∈ BTI ∩BHI, then

σB(λ) = |{MB(χV ) > λ}|,
where V is the unit ball.

For a translation invariant basis B by B. Lópes-Melero [9] it
was introduced the following weak variant of the spherical halo
function

σ̃B(λ) = lim
ε→0

|{M ε/λ
B (χVε) > λ}|

|Vε|
(0 < λ < 1),

Obviously,
σ̃B(λ) ≤ σB(λ) (0 < λ < 1).

We will say that a function σ : (0, 1) → (0,∞) is non-regular if

lim
λ→0

λσ(λ) = ∞.

For n ≥ 2 and 2 ≤ k ≤ n by Ink denote the basis for which Ink(x)
(x ∈ Rn) consists of all open n-dimensional intervals containing x
and the lengthes of edges of which take not more than k values.
Note that Inn = I.

For a basis B denote by SB the class of all non-negative func-
tions f ∈ L(Rn) such that DB

(∫
f ◦ γ, x

)
= ∞ almost everywhere

for every γ ∈ Γn.

By A. Stokolos [19], B. Lópes-Melero [9] and G. G. Oniani [12,
Ch. II, §1] (see also [13]), respectively, were established the follow-
ing results.

Theorem A. For every n ≥ 2 and 2 ≤ k ≤ n the class SInk
is

non-empty.

Theorem B. If a translation invariant basis B has a non-regular
weak spherical halo function σ̃B, then the class SB is non-empty.
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Theorem C. If a translation invariant basis B has a non-regular
spherical halo function σB, then the class SB is non-empty.

Note that from the estimations: σ̃B(λ) ≤ σB(λ) and σ̃Ink (λ) ≥
c 1λ lnk−1 1

λ it follows the implications: Theorem C ⇒ Theorem B
⇒ Theorem A.

The following theorem gives the answer to Zygmund’s general-
ized problem for the class of bases BBF ∩BHI ∩BNL.

Theorem 1.1. If B ∈ BBF ∩ BHI ∩ BNL, then the class SB is
non-empty.

Theorem 1.1 we prove using Theorem C on the basis of the
following Lemma.

Lemma 1.4. If B ∈ BBF ∩BHI ∩BNL, then B has a non-regular
spherical halo function.

In the second section the question on the invariance of classes
of functions with differentiable integrals with respect to the class
of transformations of variable consisting of all rotations is studied.

A class of functions with good analytical properties may be
very sensitive with respect to changes of variable. Let us recall the
result of such type belonging to A. Beurling and H. Helson [1]: Let
T be the unit circumference on the complex plane and A(T) be the
class of all continuous on T functions having absolutely convergent
Fourier trigonometric series. For a homeomorphism γ : T → T we
have that f ∈ A(T) ⇒ f ◦ γ ∈ A(T) if and only if γ is of the type

γ(eit) = ei(kt+a), where k ∈ {−1, 1} and a ∈ [−π, π].
A class of functions F is called invariant with respect to a class

of transformations of a variable Γ if (f ∈ F, γ ∈ Γ) ⇒ f ◦ γ ∈ F.
Thus the only homeomorphisms with respect to which the class

A(T) is invariant are rotations, conjugation and their composi-
tions. In particular, there exists a dipheomorpism γ : T → T with
respect to which A(T) is not invariant.

The dependence of the properties of functions of several vari-
ables on a choice of coordinate axes (i.e. on a rotation of the stan-
dard orthogonal coordinate system) were studied by different au-
thors.
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From the results of G. Lepsveridze [8], G. G. Oniani [14] and
A. Stokolos [20] it follows that the class FI is not invariant with
respect to linear changes of a variable, in particular with respect to
rotations. An analogous result was established by O. Dragoshan-
skii [2] for the class of continuous functions of two variables, having
an a.e. converging Fourier series (Fourier integral) in Pringsheim
sense.

G. Karagulyan [6] gave, in the two-dimensional case, a com-
plete characterization of singularities from the standpoint of dif-
ferentiability with respect to a basis I which may have the inte-
gral of a fixed function for various choices of a coordinate sys-
tem. The multi-dimensional aspect of this question was studied
by G. G. Oniani [15].

M. Dyachenko [3] considered a problem of invariance with re-
spect to Γ2 of two-dimensional classes of functions with bounded
variation in various senses.

The result on the non-invariance of the class FI with respect
to rotations can be extended to bases of quite general type. In
particular, the following theorem is true.

Theorem 2.1. If B ∈ BI ∩BTI ∩BNL, then the class FB is not
invariant with respect to rotations, moreover, there exists a non-
negative function f ∈ FI such that f ◦ γ /∈ FB for some γ ∈ Γn.

Note that if B differentiates L(Rn), then the question on the
invariance of the class FB with respect to rotations is trivial, in
particular, taking into account that a rotation is measure preserv-
ing mapping we conclude the invariance of FB with respect to
rotations.

In the third section there are introduced definitions of sets of
singular rotations and there are established some results concern-
ing their structure.

Let B be a basis in Rn and γ ∈ Γn. The γ-rotated basis B is
defined as follows

B(γ)(x) = {x+ γ(R− x) : R ∈ B(x)} (x ∈ Rn).
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Suppose B is translation invariant. Then it is easy to verify that
the differentiation of the integral of a “rotated” function f ◦γ with
respect to B at a point x is equivalent to the differentiation of the
integral of f with respect to the “rotated” basis B(γ−1) at a point
γ−1(x). Consequently, we can reduce the study of the behavior of
functions f ◦ γ (γ ∈ Γn) with respect to the basis B to the study
of the behavior of f with respect to rotated bases B(γ) (γ ∈ Γn).

Let B be a basis from the class BI ∩BTI ∩BNL. By virtue of
Theorem 2.1 there exists a function having a non-homogeneous be-
haviour with respect to rotated bases B(γ) (γ ∈ Γn), more exactly,∫
f is not differentiable with respect to B(γ) for some rotations

and
∫
f is differentiable with respect B(γ) for some γ rotations.

Thus for f some rotations γ are “singular” (non-differentiability
with respect to B(γ)) and some rotations γ are “regular” (differen-
tiability with respect to B(γ)). In this connection naturally arises
problem: what kind of may be sets of singular and of regular rota-
tions for a fixed function? Note that by duality argument we can
restrict ourselves by studying sets of singular rotations.

The posed problem for the case of strong differentiability process
(i.e., for the case B = I) was studied in works of G. Karagulyan [6],
G. G. Oniani [12, 14, 15], G. Lepsveridze [8] and A. Stokolos [20].

In connection to the posed problem let us introduce rigor def-
inition of a set of singular rotations: Suppose B is a basis in R2

and E ⊂ Γ2. Let us call E a WB-set if there exists a function
f ∈ L(R2) with the following two properties:

f /∈ FB(γ) for every γ ∈ E;

f ∈ FB(γ) for every γ /∈ E.

Let us introduce also the definition of a set of ”strongly” singular
rotations: Suppose B is a basis in R2 and E ⊂ Γ2. Let us call E
an RB-set if there exists a function f ∈ L(R2) with the following
two properties:

DB(γ)

(∫
f, x

)
= ∞ a.e. for every γ ∈ E;

f ∈ FB(γ) for every γ /∈ E.
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It is clear that each RB-set is WB-set.

When B = I we will use terms W -set and R-set. The defini-
tions of an R-set and of a W -set were introduced in [14] and [6],
respectively.

Now the problem can be formulated as follows: For a given basis
B what kind of sets are WB-sets (RB-sets)?

The following theorems give necessary conditions of topological
character for sets of singular rotations.

Theorem 3.1. For arbitrary translation invariant basis B in R2

each WB-set has Gδσ type.

Theorem 3.2. For arbitrary translation invariant basis B in R2

each RB-set has Gδ type.

For the case of W and R sets Theorems 3.1 and 3.2 were proved
by G. Karagulyan [6] and G. G. Oniani [14], respectively.

Let us introduce the following generalizations of notions of a
WB-set and of an RB-set:

Let B and H are bases in Rn with B ⊂ H and E ⊂ Γn. Let us
call E a WB,H -set (W+

B,H -set), if there exists a function f ∈ L(Rn)

(f ∈ L(Rn), f ≥ 0) with the following two properties:

f /∈ FB(γ) for every γ ∈ E;

f ∈ FH(γ) for every γ /∈ E.

Let B and H are bases in Rn with B ⊂ H and E ⊂ Γn. Let us
call E an RB,H -set (R+

B,H -set), if there exists a function f ∈ L(Rn)

(f ∈ L(Rn), f ≥ 0) with the following two properties:

DB(γ)

(∫
f, x

)
= ∞ a.e. for every γ ∈ E;

f ∈ FH(γ) for every γ /∈ E.

If B = H, then instead of W+
B,B-set (R

+
B,B-set) we will use term

W+
B -set (R+

B-set).

Remark 3.1. It is clear that:
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1) If B = H, then the notions of WB,B-set (RB,B-set) and of
WB-set (RB-set) coincide;

2) each W+
B,H(R+

B,H)-set is WB,H(RB,H)-set;

3) each WB,H(W+
B,H , RB,H , R+

B,H)-set is WB(W
+
B , RB, R

+
B)-set.

Remark 3.2. Taking into account conclusions of Remark 3.1 from
Theorems 3.1 and 3.2 we have: If B andH are translation invariant
bases with B ⊂ H, then:

1) each WB,H -set is of Gδ,σ type;
2) each RB,H -set is of Gδ type.
Consequently, taking into account Remark 3.1 again we have

also that: each W+
B,H -set and each W+

B -set is of Gδ,σ type; each

R+
B,H -set and each R+

B-set is of Gδ type.

Theorem 3.3. For arbitrary bases B and H with B ⊂ H not
more than countable union of RB,H-sets (R+

B,H-sets) is WB,H-set

(W+
B,H-set).

For non-empty sets E1 ⊂ Γ2 and E2 ⊂ Γ2 denote E1E2 =
{γ1 ◦ γ2 : γ1 ∈ E1, γ2 ∈ E}. A set E ⊂ Γ2 let us call symmetric if
E = ΠE.

A basis B in R2 let us call symmetric, if B(γ) = B for every
γ ∈ Π. Note that the basis I(R2) is symmetric.

Remark 3.3. Let bases B and H with B ⊂ H are given. It is easy
to see that if B is symmetric, then eachWB,H(W+

B,H , RB,H , R+
B,H)-

set is symmetric.

In the forth section some classes of sets of singular rotations are
found. From obtained results it follows a characterization of not
more than countable sets of singular rotations for symmetric bases
from the class BI(R2) ∩BTI ∩BNL.

Theorem 4.1. Let B ∈ BI(R2) ∩BTI ∩BNL. Then for every not
more than countable set E ⊂ Γ2 and for every sequence of its
neighbourhoods (Vk) there is a non-negative function f ∈ L(R2)
such that :

1) For every γ ∈ E, DB(γ)(
∫
f, x) = ∞ almost everywhere;
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2) For every k ∈ N, f ∈ FI(Γ2\ΠVk). Consequently, for every

γ /∈
∩∞

k=1ΠVk we have that f ∈ FI(γ);

3) If for γ ∈ Γ2 the condition DB(γ)(
∫
f, x) = ∞ is valid for

points from some set of positive measure, then the same condition
is valid almost everywhere.

Corollary 4.1. Let B ∈ BI(R2) ∩BTI ∩BNL. Then:
1) every not more than countable symmetric set E ⊂ Γ2 is a

W+
B,I-set ;

2) every not more than countable symmetric set of Gδ type is a
R+

B,I-set.

Taking into account Theorems 3.1 and 3.2 from Corollary 4.1
we derive the following result.

Corollary 4.2. Let B is a symmetric basis from the class BI(R2)∩
BTI ∩BNL. Then:

1) not more than countable set E ⊂ Γ2 is a WB,I-set (W
+
B,I-set)

if and only if E is symmetric;
2) not more than countable set E ⊂ Γ2 is a RB,I-set (R

+
B,I-set)

if and only if E is symmetric and of Gδ type.

From Theorem 4.1 we also derive the following result.

Corollary 4.3. Let B ∈ BI(R2) ∩ BTI ∩ BNL. Then there is a

non-negative function f ∈ L(R2) for which the set

{γ ∈ Γ2 : DB(γ)

(∫
f, x

)
= ∞ a.e.}

is of the second category and consequently, of the continuum car-
dinality.

Corollary 4.4. Let B ∈ BI(R2) ∩ BTI ∩ BNL. Then there is a

W+
B,I-set of the second category and consequently, of the continuum

cardinality.

Let us say that a basis B has weak Besikovitch property if for
every non-negative function f ∈ L(Rn) the set

{x : f(x) < DB(
∫
f, x) < ∞}
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is of zero measure. Note that by virtue of the result M. de Guzmán
and M. Menárguez (see [5, Ch. IV, §3]) every basis B ∈ BI(R2) ∩
BBF ∩ BHI has weak Besikovitch property. Here we note that in
[17] it is found more general class of bases B ∈ BI(R2) having weak
Besikovitch property.

The next assertion follows from Corollary 4.3.

Corollary 4.5. Let B ∈ BI(R2) ∩ BTI ∩ BNL. If, additionally,
it is known that B has weak Besikovitch property, then there is a
R+

B,I-set of the second category and consequently, of the continuum
cardinality.

Since for any basis B ∈ BI(R2) each WB,I(W
+
B,I, RB,I, R

+
B,I)-set

is WB (W+
B , RB, R

+
B)-set, Corollaries 4.1–4.5 imply corresponding

results for WB (W+
B , RB, R

+
B)-sets, in particular, Corollary 4.2 im-

plies the following result.

Corollary 4.6. Let B is a symmetric basis from the class BI(R2)∩
BTI ∩BNL. Then:

1) not more than countable set E ⊂ Γ2 is a WB-set (W
+
B -set) if

and only if E is symmetric;
2) not more than countable set E ⊂ Γ2 is a RB-set (R

+
B-set) if

and only if E is symmetric and of Gδ type.

Theorem 4.1 and its corollaries given above for the case B = I
were proved in [14].

In the fifth section we give a complete characterization of WB-
sets and RB-sets for a quite wide class of bases

G. Karagulyan [6] gave complete characterization of W -sets and
R-sets, namely, in [6] it was proved that:

1) a set E ⊂ Γ2 is W -set if and only if E is symmetric and of
Gδσ type.

2) a set E ⊂ Γ2 is R-set if and only if E is symmetric and of
Gδ type.

Developing the scheme of proof suggested in [6], below we es-
tablish a characterization of WB-sets and RB-sets for a quite wide
class of bases.
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It is true the following theorem.

Theorem 5.1. If a basis B ∈ BI(R2) ∩ BBF ∩ BTI ∩ BNL has
non-regular spherical halo function, in particular, if B ∈ BI(R2) ∩
BBF ∩BHI ∩BNL (see Lemma 1.4), then:

1) every symmetric set E ⊂ Γ2 of Gδσ type is WB,I-set ;
2) every symmetric set E ⊂ Γ2 of Gδ type is RB,I-set.

The first statement of Theorem 5.1 we derive from the second
one on the basis of Theorem 3.3.

Taking into account Theorems 3.1 and 3.2 from Theorem 5.1
we obtain the following result.

Corollary 5.1. If a symmetric basis B ∈ BI(R2) ∩BBF ∩BTI ∩
BNL has non-regular spherical halo function, in particular, if B is
symmetric and B ∈ BI(R2) ∩BBF ∩BHI ∩BNL, then:

1) a set E ⊂ Γ2 is WB,I-set if and only if E is symmetric and
of Gδσ type;

2) a set E ⊂ Γ2 is RB,I-set if and only if E is symmetric and
of Gδ type.

Corollary 5.2. If a symmetric basis B ∈ BI(R2) ∩BBF ∩BTI ∩
BNL has non-regular spherical halo function, in particular, if B is
symmetric and B ∈ BI(R2) ∩BBF ∩BHI ∩BNL, then:

1) a set E ⊂ Γ2 is WB-set if and only if E is symmetric and of
Gδσ type;

2) a set E ⊂ Γ2 is RB-set if and only if E is symmetric and of
Gδ type.

The function constructed in proof of Theorem 5.1 take values
both of positive and negative sign. Therefore the method of proof
of Theorem 5.1 does not allow us to characterize W+

B -sets and

R+
B-sets. Note that the problem of characterizing of W+

B -sets and

R+
B-sets remains open even for the case B = I.

In the sixth section we construct singular Lebesgue-Stieltjes
measures having non-vanishing means almost everywhere.
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For a Lebesgue–Stieltjes measure µ and a basis B, the numbers

DB(µ, x) = lim
R∈B(x),diamR→0

µ(R)

|R|
,

D B(µ, x) = lim
R∈B(x),diamR→0

µ(R)

|R|

are called the upper and the lower derivative with respect to B,
respectively, of µ at a point x. If the upper and the lower deriva-
tive coincide, then their common value is called a derivative with
respect to B of µ at a point x and denoted by DB(µ, x).

A basis B is said to differentiate a Lebesgue–Stieltjes measure
µ if DB(µ, x) exists for almost all x ∈ Rn;

A Lebesgue–Stieltjes measure µ is called:

• singular if there is a Borel set E such that: |E| = 0 and
µ(A) = µ(A ∩ E) for every Borel set A;

• discrete if it has the form: µ =
∑

k∈Nmkδak , where mk ≥ 0
and δak is the Dirac measure supported at a point ak.

It is obvious that each discrete Lebesgue–Stieltjes measure is
singular.

It is well known that (see e.g. [21, Ch. V, §7]) if µ is a singular
Lebesgue–Stieltjes measure µ, then

DQ(µ, x) = 0 almost everywhere.

Singular Lebesgue–Stieltjes measures lose the “vanishing” prop-
erty if Q is replaced by an arbitrary translation invariant basis
which does not differentiate L(Rn). Moreover, it is true the fol-
lowing result.

Theorem 6.1. For every translation invariant basis B which does
not differentiate L(Rn) there exists a discrete finite Lebesgue–Stiel-
tjes measure µ such that

DB(µ, x) = ∞ almost everywhere.

For the case B = I, Theorem 6.1 follows from a result of
G. Karagulyan [7] about random measures in Rn.
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